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Abstract: The work is devoted to study the existence and uniqueness of the classical solution of the inverse boundary
value problem of determining the lowest coefficient in one fourth order equation. The original problem is reduced to
an equivalent problem. The existence and uniqueness of the integral equation are proved by means of the contraction
mappings principle, and we obtained that this solution is unique for a boundary value problem. Further, using these

facts, we prove the existence and uniqueness of the classical solution for this problem.
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1. Introduction

Modern problems of natural science lead to study qualitatively new problems, a vivid example of which is the
class of nonlocal problems for partial differential equations. The study of such problems is caused by both
theoretical interest and practical necessity. There are many cases where the needs of practice lead to the
problem of determining the coefficients or the right side of a differential equation from some known data from
its solution. Such problems are called inverse problems of mathematical physics. If the the solution and the
right-hand side of equations are unknown, then the inverse problem will be linear; if the solution and at least
one of the coefficients are unknown, then the inverse problem will be nonlinear.

Among non-local problems, of great interest are problems with integral conditions. Such integral con-
ditions appear in the mathematical modeling of phenomena associated with a physical plasma [18], the spread
of heat [2, 6], and the process of moisture transfer in capillary-simple media [7], issues of demography and
mathematical biology, as well as in the study of some inverse problems of mathematical physics. Questions of
solvability of problems with non-local integral conditions for partial differential equations are studied in the
papers [4, 8, 11]. Inverse problems with an integral redefinition condition for partial differential equations were
studied in [5, 9, 13-17]. The purpose of this work is to prove the uniqueness and existence of solutions of the

inverse boundary value problem for a single fourth-order equation with integral condition.

2. Problem statement and its reduction to an equivalent task

Consider for equation [3]
Utt(l', t) - U'rrrz(xv t) = a(t)u(x7 t) + f($7 t)a (21)
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in the domain Dy = {(z,t) : 0 < < 1,0 <¢ < T} an inverse boundary problem with boundary conditions

u(z,0) = p(z),u(z,T) = Y(x)(0 <z < 1), (2.2)
with periodic conditions
w(0,t) = w(1,%),uz(0,t) = ugp(1,t), upe (0,8) = ugr (1,8)(0 <t < T, (2.3)
with nonlocal integral condition
1
/u(x,t)d:c =000<t<T), (2.4)
0

and with an additional condition
u(zo,t) = h(E)(0 <t <T), (2.5)

where 29 € (0,1) —fixed number, f(z,t), ¢(z),¥(x),h(t) -—given functions, w(z,t) and a(t)— desired

functions. Denote

C*Y(Dr) = {u(z,t) :u(z,t) € C*(D1), e (T, 1), Uppen (2, 1) € C(Dr)}.

Definition 2.1 The classical solution of the inverse boundary value problem(2.1)-(2.5) is the pair {u(x,t),a(t)}
of functions u(z,t) € C>*(Dr) and a(t) € C[0,T] satisfying equation (2.1) in Dt , condition (2.2) in [0,1]
and conditions (2.3)-(2.5) in [0,T).

For investigating problem (2.1)-(2.5), firstly we consider the following problem:

y'(t) = a()y()(0 <t <T), (2.6)

y(0) = 0,y(T") = 0, (2.7)

where a(t) € C[0,T]-given function, y = y(¢)-unknown function, and if y(¢) is the solution of problem
(2.6),(2.7)then y(t) is continuous on [0, 7] together with all derivatives contained in equation (2.6) and satisfying

conditions (2.6),(2.7) in the ordinary sense. The following lemma is proved:

Lemma 2.2 [12] Let function a(t) € C[0,T] such that
la(®)llcjo,r) < R = const,
and
Lrep <1
2 )
where R is a constant. Then problem (2.6),(2.7) has only a trivial solution.

Along with the inverse boundary problem (2.1) - (2.5), we consider the following auxiliary inverse
boundary value problem. It is required to define a pair {u(z,t),a(t)} of functions u(z,t) in C**(Dr) and a(t)
in C[0,T] from (2.1)-(2.3) and

Uggg (0,8) = Ugge(1,6)(0 <t < T), (2.8)
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R (t) — Ugzws(z0,t) = a(t)h(t) + f(xo,t)(0 <t < T). (2.9)

The following theorem is valid:

Theorem 2.3 Let ¢(z),v(x) € C[0,1],h(t) € C?[0,T),h(t) #0, (0<t<T), f(z,t) € C(D7), [ f(z,t)dx =

O

0(0 <z <1) and the consistency conditions

O/lgo(a:)d:c = O,O/w(m)dx =0,

o(z0) = h(0),¥(20) = h'(T)

be satisfied. Then the following statements are valid:

1. Each classical solution {u(x,t),a(t)} of the problem (2.1)-(2.5) is also a solution of problem (2.1) - (2.5),
(2.8), (2.9);

2. FEach solution {u(z,t),a(t)} of (2.1) - (2.3), (2.8), (2.9) is a classical solution of the problem (2.1) -
(2.5), if

1
§T2 lla®llco,m < 1.

Proof Let {u(z,t),a(t)} be a solution of problem (2.1)-(2.5). Integrating the equation (2.1) over x from 0

to 1, we have:

1
2
% /u(x,t)da? — (Ugz(1,t) — Uger(0,8)) =
0

1 1
=a(t) [ u(z,t)de+ [ f(z,t)de(0 <t <T). (2.10)
[reomes ]

1
Assuming that f f(z,t)dz = 0(0 <t <T), with considering (2.4), we easily come to fulfillment (2.8). Further,
considering h(t) € C2[0,7T] and differentiating twice (2.5), we obtain:
u(zo,t) = A" (£)(0 <t < T). (2.11)

From (2.1) we get:

Ut (X0, 1) — Ugzaz (To,t) = a(t)u(xo,t) + f(x0,8)(0 <t < T). (2.12)
Hence, taking into account (2.5) and (2.11), we come to fulfillment (2.9). Now, suppose that {u(z,t),a(t)} is
a solution of problem (2.1)-(2.3), (2.8), (2.9). Then from (2.8) and (2.10) we get:

1 1

d2
@/uxtdaf—a /u 0 (0<t<T). (2.13)

0 0
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1 1
From (2.2) and [ ¢(x)dz =0, [¢(x)dz =0, we have:
0

0
1 1 1 1
/u(m,O)dw = /go(x)dm = O,/ut(x,T)dx = /w(x)dx =0. (2.14)
0 0 0 0
1
Since, by Lemma 2.1, the problem (2.13), (2.14) has only a trivial solution, [ u(z,t)dz =0, i.e. fulfilled
0
conditions (2.4).
Now, from (2.9) and (2.14), we obtained:
d2
22 (@0, 8) = h(t)) = a(t)(u(zo,t) — h()(0 < t < T). (2.15)

Further, due to (2.2) and (o) = h(0),%(x¢) = h'(T), we have:

{ u(z0,0) —h(0) = (xo) — h(0) =0,

From (2.15) and (2.16), due to Lemma 2.1,we conclude that the condition (2.5) is satisfied. The theorem is
proved. O

3. Investigation of the existence and uniqueness of a classical solution of an inverse boundary
value problem

Suppose that the data of the problem (2.1)-(2.3),(2.8),(2.9) satisfy the following conditions:

1 p(z) € CH0,1],0) () € L(0,1),9(0) = ©(1),¢'(0) = ¢'(1), ¢"(0) = ¢"(1),£"(0) = ¢"(1), oW (0) =
eM(1);

2. ¢(x) € C?[0,1],9®)(z) € L2(0,1),(0) = (1), 9'(0) = '(1), 4" (0) = %" (1);

3. f(z,t), fa(x,t), fra(z,t) € C(Dr1), foua(z,t) € La(Dr),, f(0,t) = f(1,1),

4. h(t) € C?[0,T],h(t) #0(0<t<T).

Obviously, [1],

1,cos Az, sin Az, ..., cos Apx, sin Mg, ... (3.1)

is a basis in L2(0,1) , where Ay = 2kn(k =0, 1,...). Since the system (3.1) forms basis in Ly(0,1) , it is obvious
that for each solution {u(z,t),a(t)} problems (2.1)-(2.3),(2.8),(2.9) first komponent u(x,t) has the form:

u(z,t) = Z u1g(t) cos Ax + Z uag (t) sin \pax (A, = 27k), (3.2)
k=0 k=1
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where

1 1
uyo(t) = /u(x,t)daz,ulk(t) = Z/U(l’,t) cos \pzdz(k =1,2,...),
0 0

1
ugg(t) = Q/u(x,t) sin \gzedz(k =1,2,...).
0

Then, applying the formal scheme of the Fourier method, to determine the desired coefficients wyy(t)(k =
0,1,...) , uak(t)(k =1,2,...) funtions u(z,t), from (2.1) and (2.3) we obtained:

ufo(t) = Fio(t;u,a)(0 <t < T), (3.3)

ulh () = Mwip(t) = Fir(tu,a)(0 <t < Thi— 1,2,k =1,2,...), (3.4)
u10(0) = 10, u1o(T) = 10, (3.5)

wik(0) = @ig, usp (T) = i (i = 1,2;k = 1,2,...), (3.6)

where
Fip(t;u,a) = f1e(t) + al®)uig(t)(k = 0,1, ...),

1 1
f1o(t) /fxtdx f1k(t) Z/fxtcos)\ka:dx (k=0,1,...),
0 0

1 1
010 = [ p(x)dz, 19 =2 [ Y(x)dx
/ /

1 1
v1k(t) = 2/@(@ cos A\pxdz, Yy (t 2/¢ Jcos Apzdz (k=0,1,...),
0 0
1
For(t) = a(t)uzk(t) + far(t), for(t) 2/f x,t) cos \gxdz (k=0,1,...),
0

1 1
por(t) = 2/90( ) sin Apzdx, Yo (t 2/1/} sin \pzdr (k=0,1,...),
0 0

Further, from (3.3)-(3.6) we find:
T
Ulo(t) = $¥10 + ’(/)10t + /Go(t, T)Flo(’?'; u, a)dT, (37)
0
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ch(X2(T —t)) sh(A\2t)
ik(t) = i i
uin(t) h(eT) P Neanoer) Vet
) T
F/ VFip (T u,a)dr(i =1,2;k = 1,2, ...), (3.8)
"o
where
| —t,te]o,7],
Go(t,7) = { —7,tern,T],
sh(\2 (T—(t—7)))—sh(\3 (T+t—T))
Gil(t, ) = : 2¢ch(X2T) - ,t€10,7],
RO shQR@ () —shOR (T (t47) 4 ¢ [ ),

2ch(Z2T)

After substitution of expressions u1x(t)(k = 0,1,...) and ugk(t)(k = 1,2,...) in (3.6), determining the
components of the solution u(z,t) of the problem (2.1)-(2.3),(2.8),(2.9), we get:

u(z,t) = @10 + Y10t + /Go(t, T)Fio(T5u, a)dT+

o] 2 2
N Z {ch (A ( ))L,Ouc N sh(AZt) Dut

P ch(N:T) AZch(N2T)
. T
+F/Gk(t,T)F1k(T;u,a)dT cos AT+
k
0

+

Z {ch (A2(T —1t)) N sh(A\2t) Dot

2T ehOT) T T (T
. T
+)\—2/Gk(t,7)ng(T;u,a)dT sin A\p. (3.9
k

0

Now, from (2.8), considering (3.2), we have:

a(t) = [(8)] " {B" (1) = f(wo,t)—

— Z /\kulk CoS A To + Z /\kUQk t) sin )\kmo} . (3.10)
k=1

In order to get the equation for the second component of the solution of the problem (2.1)-(2.3),(2.8),(2.9), we
substitute the expression (3.8) in (3.10):

alt) = [h(t)] {h"(t) - flant) = Yo uh | PGt
k=1
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sh(A\2t)

1
o) i+ 3 [ Gt Pl aldr | cos -
0

= 2(T —t)) sh(\2t)
7@k+7¢ kT
kz { AO2T) 72T X2ch(A2T) " ?
1 .
+/\7/Gk(t,T)ng(T;u,a)dT sin \pxg p . (3.11)
k

Thus, the solution of problem (2.1)-(2.3),(2.8),(2.9) is reduced to the solution of system(3.9), (3.11) for the

unknown functions w(z,t) and a(t). Using the definition of the solution of the problem (2.1)-(2.3),(2.8),(2.9),
we prove the following lemma.

Lemma 3.1 If {u(x,t),a(t)} —any classical solution of problem (2.1)-(2.3),(2.8),(2.9), then the functions
1 1

uio(t) = [u(z, t)de, uigp(t) = 2 [u(z,t) cos Ayazdr , ugy = 2f uw(x, t)sin \pzdr (k= 1,2,...) satisfy system
0 0
(3.7), (3.8).

Remark 3.2 From Lemma 3.1 it follows that to prove the uniqueness of the solution of the problem (2.1)-
(2.3),(2.8),(2.9) enough to prove the uniqueness of the solution of the problem (5.9), (3.11).

Now, in order to study the problem (2.1)-(2.3),(2.8),(2.9) we consider the following spaces:
1. We denote by B3 1 [10] ,a consisting of all functions u(x,t) of the form

t) = Zulk( ) cos Apzdr + Zuzk )sin Apzdz (A = 27k),
k=0

considered in Dr , where each of the functions form wy(¢)(k = 0,1,...) and wugr(t)(k = 1,2,...) are

continuous on [0,7] and

1
2

Jr(u) = [luro(®)llcpo.r + (Z A Mlu(t |COT])2> +
k=1

1

2

<Z AR Nz (t Nego,m) > < +oo.

The norm in this set is defined as follows:

e, 0) 1, = T ().

2. The spaces E2 denote the space consisting of a topological product

B3 x C[0,T].
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The norm of element z + {u,a} is determined by the formula

2l = lhuta, Oll g , + le@ oo
It is obvious that B3, and Ej are Banach spaces.
Now in the space E2 consider the operator

(I)(uva) = {q)l(u>a)a (I)Q(ua a)},

where

g U (t cos)\ka?—&—g Uag (1) sin Az,

Dy (u,a) = a(x,t)
k=1

Dy (u,a) = a(t),

where w19(t), 4 () (0 = 1,2;k = 1,2,...) and a(t) are equal to the right hand sides of (3.7), (3.8) (3.11).
Now with the help of easy transformations we find:
@10 (t)llcjo,7) < |w10] + Tlth1o|+
1
2
+2TVT / |fro(r)Pdr |+ 2T2(|a(t) || cpo,m lwio () lepo ) (3.12)
1 1
oo 2 2 oo 9 2
(Z (Ak (@i (t ”COT) ) <2 ( (A% lpin]) ) +
k=1 k=1
%) l T e’}
+2 (Z (AR [vir]) ) +4VT /Z 2 1 fa (@) | +
k=1 0 k=1
1
oo 2 2 .
AT ||a(®)l| g0z (Z (A2 llesr Ol g,z ) ) (i =1,2), (3.13)
k=1
o0 3
~ —1 —
la®llcr < |11 {1070 = fo, Do + [ S A2) %
clo,1] =
2 00 l 00 l T o] %
<3| (S ottent) + (Sotwa) +vT( [Sotmniar)
i=1 | \k=1 k=1 o k=1
1
2
(3.14)

(o)
+ T lla(®)|lcpo,1 (Z AR lluik (¢ ||C0T)2>
k=1
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Further, from (3.12)-(3.14) we have:

e, O)lpg , < A(T) + Bu(T) al®)logo.z) a5, (3.15)

1a®)llgo,r) < A2(T) + Ba(T) [la®)ll o,z l1ul@, Dl ps . » (3.16)

where

AUT) = [le(@) ] L0,1) + Tl (@) o0,y + 2TV F (2, )| 2o () +

+2 Hg0(5)(x)‘

sl

+ 4\/T ”fx:r:v(xvt)HLQ(DT) )

L5(0,1) L5(0,1)

By(T) = 212 + 4T.

2

As(T) = [| 1m0, {100 = FCo, Dllcgory + (i A,:?) x
’ k=1

oo

e

N T

L2(0,1 L2(0,1)

k=1

Bo(r) =2 [me) (i Aﬁ) r

From inequalities (3.15)-(3.16) we conclude:
.z, + 1Ol z) < AT + B at) g0 e Dl (3.17)

where
A(T) = A1(T) + A2(T), B(T) = B1(T) + Bo(T).

So, we can prove the following theorem:
Theorem 3.3 Let all conditions 1.-4. be fulfilled and
(A(T) +2)?B(T) < 1. (3.18)

Then the problem (2.1)-(2.3),(2.8),(2.9) has a unique solution in the sphere K = KR<||Z||E% <R=AT)+2)
of the space E3.

Proof In the space E3 consider the equation
2= Pz, (3.19)

where z = {u,a}, the components ®;(u,a)(i =1,2), of the operator ®(u,a), are determined by the right hand
sides of equations (3.9) and (3.11). Consider the operator ®(u,a) in the sphere K = Kp from E3. Similar to

(3.17) we obtained that for any z, 21,29 € Kg the following estimate are valid:

192 gy < A(T) + B(T) [la(®)ll oo,z llule, s, +
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+A(T) + B(T) (A(T) +2)°, (3.20)

H‘I)zl — (I)ZS”E%, S

< B)TR([lar(t) = az(@)ll oo,y + (2, t) = ua(z,8) | s - (3.21)

Then from (3.20) and (3.21), with considering (3.18),it follows that operator ® acts in the sphere K = Kp and
it is contraction mapping. Therefore, in the sphere K = Kg the operator ® has a unique fixed point {u,a},
that is a solution of equation (3.19). The function u(z,t), as the element of the space B 5, has continuous
derivatives u(z, ), uy(z, 1), Upy (T, 1), Ugpa (T, t) and Uggeq(x,t) in Dp.

From (3.4) it is easy to see that

1 1
o] 2 2 00 2
(Z (/\k Hu;/k(t)HC[O,T]) ) <V2 ( )‘k2> x
k=1 k=1

W=

x (Z(Az||uk<t>||cm,ﬂ)2> (s t) + althue (@, ) o | G = 1,2).

k=1

Then it follows that w(z,t) is continuous in Dy . It is easy to verify that (2.1) and conditions (2.2), (2.3), (2.8)
and (2.9) are satisfied in the ordinary sense. Consequently, it is a solution to problem (2.1)-(2.3), (2.8),(2.9),

and, by virtue of the lemma 3.1, it is unique. Theorem is proved.

Using the theorem 2.2 we proved the following Lemma.

Theorem 3.4 Let all the conditions of the Theorem 3.2
i 1
/f(x,t)dx =000<t<T), §<A(T) +2)T? < 1,
0
and condition of approval

[ @iz =0, [ wlads = 0.0(w0) = h(0), () = (1)
0

o _

be satisfied. Then, problem (2.1)-(2.5) has in the sphere K = KR(HZHE% LS R= A(T) +2) from E3 unique

classical solution.
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