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Abstract: In this paper, we investigated a new manifold with a poly-Norden structure, which is inspired by the positive
root of the equation z? — ma — 1 = 0. We call this new manifold as holomorphic poly-Norden manifolds. We examine
some properties of the Riemann curvature tensor and give an example of this manifold. Then, we define a different
connection on this manifold which is named the semisymmetric metric poly F-connection and study some properties of

the curvature and torsion tensor field according to this connection.
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1. Introduction

The theory of differential structures on manifolds is studied with great interest. In [19], the authors have
extensively investigated complex, product, contact, and f-structures. Later, a very interesting structure was
defined on the manifolds, which is called the golden-structure [1]. In fact, the golden-structure is inspired by
the equation z? —x — 1 = 0, whose positive root n = % = 1.61803398874989... is the golden ratio. If the
equation ¢? — ¢ — I = 0 is provided on manifold M, then (M, ) is called golden manifold, where ¢ is the
tensor field of type (1,1) on the manifold.

In [9], the authors defined metallic structures which are the generalization of the golden structure. For
P+ P?+4q
2

manifold M endowed with the tensor field J of type (1,1), such that J% — pJ — ¢I = 0, is named metallic

integers p and ¢, the metallic ratio o, , = is the root of the equation z?> — pz —q = 0. Also, a
manifold. Many authors have made interesting studies on golden and metallic manifolds. In one of them [4], they
defined a semisymmetric metric F'-connection on golden manifolds and made studies on it. A semisymmetric
connection V is a connection whose torsion tensor checks the equation S(U,V) = w(V)U — w(U)V , where
U, V are vector fields and w is a covector field. In addition, if this connection holds the requirements Vg = 0

and VF = 0 , then this connection is called semisymmetric metric F-connection. See [2, 3, 5, 11, 13, 17, 18]

studies for more information.
The new bronze ratio is defined by
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which is the positive root of the equation 22 —mx + 1 = 0 [10]. In [14], by inspiring from the ratio, the
author introduced a new structure on a manifold, which is called a poly-Norden structure. In his work, the
author examined some geometric properties of the poly-Norden manifold and investigated certain maps between
poly-Norden manifolds and other manifolds endowed with different structures.

A poly-Norden structure on a differentiable manifold M is a (1,1)-type tensor field (affinor) F', which
satisfies the relation F? = mF — I, where I is the identity operator on the Lie algebra of vector fields on
the manifold. Thus, the pair (M, F)) is named an almost poly-Norden manifold. We say that a semi-Riemann
metric g is pure (or self-adjoint) with respect to a poly-Norden structure F' if ¢(FU,V) = g(U, FV) for any
vector fields U, V. Also, if g(FU,FV) = mg(FU,V) — g(U,V), then the semi-Riemann metric g is called a
F-compatible metric (see [6, 7]). So, an almost poly-Norden manifold (M, F) endowed with a semi-Riemann
metric ¢ is called an almost poly-Norden semi-Riemann manifold and is represented by (M, g, F) [14]. Also,
see [12] study for more information on almost poly-Norden manifolds.

In this paper, we derive the integrability condition of the almost poly-Norden structure F on (M,g, F)
with the help of a different operator whose name is ¢ operator (or Tachibana operator) [16]. Then, we named
this manifold (M, g, F') as holomorphic poly-Norden manifold because it satisfies the condition ¢prg = 0 and by
examining the curvature property, we gave an example of such manifold. After that, we introduced a connection
PV with semisymmetric torsion endowed with poly-Norden structure F' on this manifold and proved that this
new connection satisfies the equations Vg = 0 and PVF = 0, that is, PV is a semisymmetric metric F-
connection. Finally, by using the operator ¢, we investigated the curvature and torsion properties of this

connection PV.

2. Preliminaries
Let M, be (n = 2k) differentiable manifold of class C°°. Throughout this paper, all connections and tensor
fields on the manifold will be assumed to be of class C*°. In addition, the set of tensor fields of type (p,q) will

be represented by %{I’(Mn). For example, the set of vector and covector fields will be indicated by 3§(M,,) and

39(M,,), respectively. Now, let us give some definitions that we will use in this article.

Definition 2.1 ([16]) Let M, be differentiable manifold. For any K € S9(M,), if the following condition
holds, then the tensor field K is called a pure tensor field.

K(JVi,Va, ., Vy) = KV, JVa,..,V,)
= =KW, Va,..,JV,),

where Vi, Va, ..., Vy € S§(M,,) and J € $1(M,,).

Definition 2.2 ([16]) Let M, be differentiable manifold. If K is a pure tensor field, then the operator ¢ (or

Tachibana operator) applied to this tensor is given by

(s ) (X, Vi, Vs, V) (2.1)
= (JX)(K(Vl,V277‘/:1))_X(K(JV17‘/233‘/:]))

q

+Y KV, (Ly, X, 0 V),

i=1
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where X € S{(M,,) and Ly represents the Lie differentiation according vector field V .

Let J be a complex structure, that is, J2 = —I. In the equation (2.1), if ¢ ;K = 0, then the vector field
K is called a holomorphic (or analytic) tensor field. The Riemann metric g on an almost complex manifold

(M, J) is called a Norden (or anti-Hermitian) manifold if it satisfies the condition
g(JUa V) = g(U7 JV) or g(JU7 JV) = _g(U7 V)7

where U,V € S{(M,,). It is easy to see that ¢ is a semi-Riemannian metric [6]. Then, the triplet (M,,g,J) is
named almost Norden manifold. Besides, if V.J = 0, then the triplet (M,, g, J) becomes a Norden (anti-Kéhler)
manifold, where V is the Riemannian connection of g.

On almost Norden manifold (M,,g,J), if ¢;9 = 0, then g is holomorphic and this manifold is called
almost holomorphic Norden manifold.

3. Holomorphic poly-Norden manifolds

In [14], the author (Propositions 3.4 and 3.5) shows that complex and poly-Norden structures will be written

in terms of each other, such that

m 4 —m
Fr=—I4+——J 3.1
L= e Y (3.1)
and
J—i( —m_y 2 F)
£ V4 —m2 V4 —m?2 ’

where —2 < m < 2. From the equation (2.1) and (3.1), we obtain

4 —m?2

5wk (3.2)

prK =

and from here, we can easily say that if ppK = 0, then the tensor K is holomorphic. This means that we can

study holomorphicity on the almost poly-Norden semi-Riemann manifold (M, g, F).

Theorem 3.1 Let (M,, g, F) be an almost poly-Norden semi-Riemann manifold. If V denotes the Levi-Civita
connection of the metric g, then VF =0 if and only if opg=0.

Proof From the covariant derivation of the g(FU,V) = g(U, FV') with respect to Riemann connection V, we

obtain
g(VxF)U,V)=g(U (VxF)V).

Applying ¢ to the Riemannian tensor g and from LyV = [U,V]=VyV — Vy U, we get

(erxg)(U,V)

(FX)g(U,V)— Xg(FU,V)
+9(Lu F)X, V) +g(U, (Lv F)X)
= —9(VxF)U,V) +g(VuF) X,V) +g(X, (Vv F)U)

and
(prvg)(U,X) = —g(VvF)U,X) + g((Vu )V, X) + g(V,(Vx F) U). (3.3)
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From the last two equations, we have

(erxg)(U,V) + (ervg) (U, X) = 29((Vu F) V, X). (34)

It is clear that in the equation (3.3), if VF = 0, then ¢rg = 0 and in the equation (3.4), if prg = 0, than

VF =0. O
Also, from the equation (3.2), we have

$Yrg =

Then, if prg =0 (or VF =0), then the triplet (M,,g, F) is called holomorphic poly-Norden manifold.

Twin metric G of the almost poly-Norden semi-Riemann manifold (M,,, g, F) is defined by
G(U,V) =g(FU,V), (3.5)
for X,Y € S4(M,,). Then,

GU, V) = g(FUV)
g(V,FU)
g(FY,U)=G((V,U)

and

G(FU, V) = g(F?U,V)
g(FU,FV) = G(U,FV),

that is, twin metric G is both symmetric and pure according to poly-Norden structure F. From the covariant

derivation of the equation (3.5) with respect to Riemann connection V, we obtain

(VxG)(U,V) = (Vxg)(FU,V)+g(VxF)U,V)
9(VxF)U,V)

and then,

Proposition 3.2 Let (M,,g,F) be a holomorphic poly-Norden manifold. The Riemann connection of the

metric g equals to the Riemann connection of the twin metric G, i.e., °V = V.

Let 9R and “R be Riemann curvature tensors of the metric g and the twin metric G, respectively.
From the proposition 3.2, we can easily see that 9R = ¢R. The Ricci identity for poly-Norden structure F on
holomorphic poly-Norden manifold (M,, g, F') is as follows:

IR(U,V,FZ) — F(OR(U,V, Z)) = 0. (3.6)
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Also, for the (0,4)-type of the curvature tensor YR, we get IR(U,V, Z, W) = g(R(U,V, Z),W) and

YR(U,V,FZ,W) g(*R(U,V, FZ),W)
g!R(U,V,Z), FW)

IR(U,V,Z,FW),

that is, the curvature tensor 9R is pure according to Z and W. Besides, from the R(U,V,Z, W) =
IR(Z,W,U,V) property of the curvature tensor 9R, we have

YR(FU,V,Z,W) = 9R(U,FV,Z,W).
Finally, for YR = “R and (3.5), the curvature tensor “R of the twin metric G is as follows:

“RU,V,Z,W) = G(°R(U,V,Z),W)

g(F(°R(U,V, Z)),W)
= g(°R(U,V,Z),FW)
IR(U,V,Z, FW)

and

SR(Z,W,U, V)= 9R(Z,FW,U,V).

From the last two equations, we obtain IR(U,V,Z,FW) = 9R(Z,FW,U,V). After all, we say that the

curvature tensor YR is pure with regard to poly-Norden structure F', i.e.

IR(FU,V, Z,W)

IR(U,FV,Z,W)
IR, V,FZ,W) = IR(U,V,Z FW).

Then,

Theorem 3.3 Let (M,,,g,F) be a holomorphic poly-Norden manifold. Then, pr IR =0, that is, the curvature

tensor IR is a holomorphic tensor.

Proof From the covariant derivation of the equation (3.6), we have,
(Vx YR)(FU1,Us,Us) = F(Vx 9R)(Ur,Us, Us). (3.7)

If the operator ¢ is applied to the Riemann curvature tensor 9 R, we obtain

(prx 9R)(U1,Uz,Us,Us) = (Vex R)(U1,Us,Us,Us) (3.8)
—(Vx YR)(FU1,Us,Us, Uy).
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Substituting (3.7) in (3.8) and using the Bianchi’s 2nd identity for the tensor field IR, we obtain

(prx IR)(U1,U2,U3,Us) = g((Vrx R)(U1,Uz,Us) = (Vx R)(FU1, Uz, Us), Us)
= 9((Vrx 7R)(U1,Uz,Us) = F(Vx YR)(U1,Uz,Us), Us)
= —9((Vu, 'R)(FX,U1,U3) + (Vu, IR)(Uz, FX,Us)

+F(Vx YR)(Ur,Us,Us), Us)
= —g9(F((Vu, 'R)(X,U1,Us) + (Vu, R)(Uz, X, Us)
+(Vx 9R)(U1,Us,Us), Uy)

= — q ] F
g((X,Uql-7U2)(VX R)(UlvUQ,U3)7 U4)

= 0

where o represents the cyclic sum over X, Uy, and Us. Finally, from the equation (3.2), we have

V4 —m?
or IR =0y R,
namely, the curvature tensor 9R is a holomorphic tensor. O

Example 3.4 Let Ry, be a semi-Fuclidean space endowed with semi-Fuclidean metric g, that is,

_ (s o
7o -

where i, =1,...,n, i,j =n+1,....,2n. Also, let C,, be a complex space with Ry, such that
s:2€C, — s(z) = Z € Ry,

where z = (21,22, ..., 2n), $(2) = Z = (X1, T2, ey Tn; Y1, Y25 s Yn) and 2z = ¢ +iys, t = 1,2,...,n. Then, the

complex structure J on Ra, is given by

From here, we easily see that gim F}" = gmjFi" =, i.e. the structure J is compatible (purity) with metric g and

then (Ray, J,g) is a holomorphic Norden Euclidean space. Also, poly-Norden structures Fy on Ry, obtained

from complex structure J are as follows:

m §J Vi—m? 5j
F:t _ 7652 _ + 2 ) 512
FyAsme s L

and the triple (Roy, F,g) is called a holomorphic poly-Norden Euclidean space.
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4. Semisymmetric metric poly F-connection

In this section, we are going to study the holomorphic poly-Norden manifold endowed with another connection

rather than the metric connection.

Theorem 4.1 Let (M,,g,F) be a holomorphic poly-Norden manifold and PV be a connection with torsion PT
on that manifold such that

PT(UV) =~v(V)(U) =v(U)(V) =y(FV)(FU) +~(FU)(FV) (4.1)
where U,V € S§(M,,) and v € SY(M,,). If this connection satisfies PNVg =0 and PVF =0, then

PVyVoo= VuV+A(V)(U) - g(U, V)W) (4.2)
—(FV)(FU) + g(FU,V)(FW),

where Y stands for the Levi-Civita connection of the metric g and g(W,Y) =~(Y), W € S(M,,).
Proof It is well known that a new connection PV can be formed with
PVyV =VyV +D(U,V), (4.3)

where D is the deformation tensor field of type (1,2). Then, from ?T(U,V) =P VyV =P VU — [U, V] and the
method of Hayden [8], we obtain
PT(U,V) = D(U,V) - D(V,U) (4.4

If PVg =0, we have
DWU,V,Z)+ DU, Z,V)=0. (4.5)

From the equations (4.4) and (4.5), we have

PT(Z,U,V) = D(Z,U,V) — D(U, Z,V)
PT(2,V,U) = D(Z,V,U) - D(V, Z,U)
and then
PTU,V,Z)+"T(Z,U,V)+"T(Z,V.U) =2D(U,V, Z),
where PT(U,V,Z) = g(PT(U,V), Z).
Substituting (4.1) in the last equation, we get

DU, V) =y(V)(U) = g(U,V)(W) =y(FV)(FU) 4+ g(FU,V)(FW).

Also, the connection given by (4.2) satisfies the condition PVF = 0. So, this proof is complete. O

From now on, the connection PV will be called semisymmetric metric poly F'-connection.
With a simple calculation, we can see that the torsion tensor PT is pure according to poly-Norden
structure F', i.e.
PT(FU, V)= PT(U,FV)=FPT(U,V).
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Also, in [15], the author has proved that an F'—connection is pure if and only if its torsion tensor is pure. Then,

we can easily write as following equation:
PV pyV = PVy(FV) = FPVyV.
Then,

Theorem 4.2 Let (M, g, F) be a holomorphic poly-Norden manifold. If the covector ~y in (/4.1) is holomorphic,

then the torsion tensor PT is also a holomorphic tensor, i.e. ppy =0 and pp PT =0.
Proof By applying the ¢ operator to the torsion tensor PT', we get

(prx PT)U,V) = (*Vpx PT)(U,V) - ("Vx "T)(FU,V) (4.6)
= [("Vexy)(V) = PVx)(FV)]|(U)
=[(*VexU) = (*Vx7)(FU)|(V)
H(*Vrx7)(FU) = m(*Vx7)(FU)
+EVx)O)I(EFV)
—[(*VEx)(EV) = m("Vx7)(FV)
+(*Vxy)(V)I(FU).
Also, for the covector field v in the equation (4.1), we obtain
(erxm)(U) = (PVexy)(U) - (PVxy)(FU) (4.7)
=0
Finally, from the equation (4.6) and (4.7), we get
(erx7)(V)(U) = (erx7)(U)(V)

HerxN(FV)(FU) — (orxy)(FU)(FV)
=0

(prx PT)(U,V)

Then, we write the following corollary:
Remark 4.3 1. From the equation (3.2), it is obvious that

4 —m?
PrY = T@J'Y,

and

)|

2
2. If op PT =0, from (orpx?T)(U,V) = (PVpx?PT)(U,V) — (PVxPT)(FU,V), we can write

PF PT = = PJ pTa

PVpxPT)(U, V) = (PVxPT)(FU,V)
= (PVxPT)(U,FV)=F@®VxPT)(U,V),
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that is, the covariant derivation of the torsion tensor PT according to PV is pure according to poly-Norden
structure F'.
3. The last theorem can also be proved for Riemann connection V, that is, we write (ppx?T)(U,V) =

(VexPT)(U, V) — (VxPT)(FU,V) and
(Vex"T)(U,V) = (Vx'T)(FU,V)
= (VxPT)U,FV)=F(VxPT)(U,V).

Throughout this article, we will assume that ppvy = 0, that is,

(*Vex7)(U) = (*Vx7)(FU) = 0.

5. The curvature tensor of semisymmetric metric poly F-connection

It is well-known that the curvature tensor of any linear connection V for all vector fields is as follows:
R(U,V,Z) = (VuVy —VyVy = V) Z.
Then, (0,4)-type of the curvature tensor for the connection (4.2) has the following form:
PR(UV,Z,W) = 9IRWU,V,Z,W) (5.1)
+s(U, 2)g(V, W) = <(V, Z)g(U, W

)
+<(V,W)g(U, Z) — (U, W)g(V, 2)
+(V, F2)g(FU,W) — (U, FZ)g(FV, W)
(U, F

+<(U, FW)g(FV, Z) — <(V, FW)g(FU, Z),
where
(UV) = (VonV) = 5(OAV) + 57 W)g(U, V) (52)

FAFU(FV) — Sw(FW)g(FU, V).
It is said that the curvature tensor PR is hold:
PR(U,V,W,Z)=—-PR(U,V,Z,W)=—-PR(V,U, Z,W),
that is, PR is antisymmetric according to the first and last two components. Also,
(U V) =<(V,U) = (Vuy)(V) = (Vv)(U) (5.3)

and for the exterior differential operator d applied to the covector field w, we get

2(dy)(U,V) Ury(V) = V~y(U) = (U, V]) (5.4)
= (Vu)V ++4(VuV) = (Vy)U —~(VvU) = ([U, V])

= (Vun)V = (Vvyn)U +~4(VuV = VvU) = (U, V])
)

= (Vun)(V) = (Vvy)(U).
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From the equations (5.3) and (5.4), we obtain

(U V)=s(V,U) = (Vuy)(V) = (Vv)(U) (5.5)
= 2(d)(U, V).

Then, we write the following corollary.

Corollary 5.1 1. The covector field v is closed if and only if the tensor field ¢ is symmetric.
2. If the covector field v is a gradient, that is v = Of, then the tensor ¢ is symmetric.

For the tensor ¢ given by (5.2) is pure with regard to poly-Norden structure F', that is,

SUFV) =<(FU,V) = [(Von)(FV)=(Vroy) (V)]

= (eru)(V)
= 0

and from the equation (5.5), we get

PR(U,V,Z,W) = R(Z,W,U,V)

= 2(d)(U,2)g(V,W) = 2(dy)(V, Z)g(U,W)
+2(d)(V,W)g(U, Z) — 2(dy)(U,W)g(V, Z)
+2(dy)(FV, Z)g(FU,W) = 2(dy)(FU, Z)g(FV, W)
+2(dv)(FU,W)g(FV, Z) — 2(dy)(FV,W)g(FU, Z),

then,

Proposition 5.2 For the curvature tensor PR, if the covector field v is closed (dy =0 ), then PR(U,V, Z, W) —P
R(Z,W,U,V)=0.

By applying the ¢ operator to the tensor ¢, we get

(Prx)(UV) = (PVixq)(U,V) = (PVx<)(FU, V) (5.6)
= (Vex)(U,V) = (Vxo)(FU,V)

From the equation (5.2), we have

(erx<)(U,V) = (Vrx Vuv) (V) = (Vx Vreuy) (V). (5.7)

In the last equation, if we apply the Ricci identity to the 1-form ~, we obtain
1
(Vex Vuy) (V) = (Vo Vex7) (V) = 57 (PR(FX, U, V))
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and

(Vx Vruy) (V) = (Vx Vuy) (FV)
= (Vo Vx7) (FV) ~ 17 (R(X,U,FV))
= (Vo Vexn) (V) = 59(R(X, FU,V)
Substituting (5.2) in the equation (5.6), we get

(orxs)(U, V) = —%7[9R(FX,U,V)— IR(X,U,FV)]

= 0.
Then,

Proposition 5.3 Let (M,,g, F) be a holomorphic poly-Norden manifold. The tensor s given by the equation

(5.2) is a holomorphic tensor, that is, op ¢ = ¥ 4;7"2 vy s and
(PVrxs)(U,V) = (PVx9)(FU,V) = (PVxs)(U, FV). (5.8)

Because of the purity of the tensor ¢, we say that the curvature tensor of the semisymmetric metric poly

F'-connection is a pure tensor, namely,

PR(FU,V, Z,W) PR(U,FV, Z,W)

PR(U,V,FZ,W) = PR(U,V, Z,FW)

and from (2.1) and (5.1), we obtain

(erx PR)(U1,U2,Us3,Us) = (PVpx PR)(U1,Usz, Us, Uy) (5.9)
—(PVx PR)(FU.,Us,Us, Uy).

Substituting (5.1) in the last equation, we have

erx"R)(Ut, Uz, Us, Uy)

PV rx9R)(Uy,Us,Us,Us) — (PVxIR)(FU,Us, Us, Uy)

+(rx<)(U1,Us)g(Uz, Us) = (¢rxs)(Uz,Us)g(Ur, Us)
+(prx<)(Uz, Us)g(Y1,Us) — (prx<)(Y1,Ya)g(Uz, Us)

(FU,Us3)g(FUy,Uy) — (¢rx<)(FUL, Us)g(FUs, Uy)

( )9(FU2,Us) — (prxs)(FUs, Us)g(FUL, Us)

(
(

)
+(¢rxs)
+(prxs)(FUL, Us

From the proposition 5.3 and theorem 3.3, we obtain
(prx?R)(U,Us,Us,Us) = ("Vpx?R)(U1,Us,Us, Us)
—(*Vx?R)(FUy,U2,U3,Uy)
= (prx?R)(U1,Us,Us, Uy)
= 0.

1398



KARAMAN and TOPUZ/Turk J Math

Finally,

Theorem 5.4 Let (M,,g,F) be a holomorphic poly-Norden manifold. The curvature tensor PR of the semi-

symmetric metric poly F -connection is a holomorphic tensor, i.e. pp PR = 7A§m?<pj PR and

[14]
[15]

[16]

(PVrx PR)(U1,U2,U3,Uy) = (PVx PR)(FUy,Us,Us,Uy)
(PVx PR)(Uy, FU,,Us, Uy)
= (PVx PR)(Uy,Uy, FU3,Uy)
(PVx PR)(U1,Us,Us, FU,)
= F(*Vx PR)(U1,Us,Us, Uy).
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