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Abstract: In this paper, we study Horadam hybrid numbers. For these numbers, we give the exponential generating
function, Poisson generating function, generating matrix, Vajda’s, Catalan’s, Cassini’s, and d’Ocagne’s identities. In

addition, we offer Honsberger formula, general bilinear formula, and some summation formulas for these numbers.
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1. Introduction
The hybrid numbers, defined by Ozdemir [9], are a mixture of real numbers, complex numbers, dual numbers,
and hyperbolic numbers. First of all, we review these numbers briefly.

The foundation of complex numbers was laid by Rene Descartes in 1637 and they have been studied for

many years. The well-known set of these numbers is
C={z=z+1iy| iZ = —1,z,y € R}.

Dual numbers were first proposed by William Kingdon Clifford in [3] to solve some algebraic problems
and were developed over time. A dual number is in the form of a + ca® where a and a* € R. These numbers
are similar to a complex number at first glance, but the most striking difference is that €2 = 0. Dual numbers

has interesting features and the set of dual numbers is shown as
D={z=xz+¢ey|e’=0,2,y € R}

and forms a zero-divisional ring. The readers can find more information on these numbers in [3]. The last type
of numbers is hyperbolic numbers. The set including the number A which is not a real number but its square

is equal to 1, is called a set of hyperbolic numbers and defined as
P={z=ux+hy| h? = lLz,y € R}.

Some works on these sets of numbers are listed in [1, 10].
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Ozdemir [9], with the help of these three sets of numbers, defined a new set called Hybrid numbers:
K :{a+bi+ce+dh| a,b,c,deR,i?=—-1,e2=0,h?=1,ih = —ih:g—i—i}. (1.1)

This set is a new set of numbers that are completely different from the three sets of numbers mentioned

above, but with similar characteristics in some respects. The author obtained the following multiplication table:

Table 1. Multiplication rules for 1, i, €, and h.

1|4 € h
111 |4 € h
i |1 | —1 1—h|e+1i
ele | h+1 0 —&
—€—1|€ 1

The conjugation of hybrid number Z = a + bi + ce + dh is shown as follows:
Z =a—bi—ce —dh.
The character of hybrid number Z is as
C(Z2)=2Z =d>+ (b—c)> = — d?

and the norm of Z is calculated as

N(Z):\/M:\/‘oﬂ—l—(b—c)g—@—cp.

In addition, the hybrid number Z can be divided into scalar and vector parts
Sz =a, Vz=>bi+ce+dh

and we can show hybrid number Z as
Z=8;+Vy.
The readers can find detailed information about the character and norm of a hybrid number in [9].
Horadam first defined the generalized Fibonacci numbers in [4] and then the Horadam numbers in [6].
Also Horadam gave the formula for negative index terms of Horadam numbers in [6]. Other studies on the

Horadam numbers can be found in [5, 7, 8]. These numbers are defined as follows:
Wy = PWp—1 — QWp—2, N > 2 (12)

with initial conditions wg = @ and w; = b. Here, a,b,p, and ¢ are integers and p?> —4q > 0. The Binet’s

formula for Horadam numbers is
_ Aa" - Bp"
Wp = A )
where A=0—af and B=0b—a«a. Also o and § are

2 _ 4 _ 2 _ 4
A Y Ry = VP? —4q. (1.4)

2

(1.3)
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Clearly, a and [ are the roots of the characteristic equation
t?—pt+q=0 (1.5)

and also satisfy
at+f=p, a-f=A af=q o’ =pa—q [=pb—q, (1.6)

where A = /p? — 4q. In addition, A and B have the following properties
A—B=aA, A+B=2b—ap, AB="b*>—pab+ qa’. (1.7)
The generating function for the sequences {w,, (a,b;p,q)},~, is

a+ (b—pa)t
1—pt+qt2

g(t) =

and the exponential generating function for the sequences {wy, (a,b;p,q)},, is
o0
wi(t) = Zwﬁt" (1.9)
n=0

The number sequences {u,} and {v,} are special cases of the sequence {w,} and defined as

un(p, ¢) = wa(l,pip,q) (1.10)

and
Un (P, @) = wn(2,p;p, q), (1.11)

respectively.

In Eq. (1.3), if we write @ = 1 and b = p, we obtain the following Binet’s formula for the sequence {u,}:

n+1 _ on+l
o B
A

u, =

However, in this article, we use the following representation of Cerda-Morales [2]:

U, = L;Bn, (1.12)
If we take a = 2 and b = p, we get the following Binet’s formula
v = ™ + B (1.13)
In [2], Cerda-Morales gave the 2 x 2 matrix
U(p,q) = [ 11) _Oq } (1.14)
and showed that
U (p,q) = [ uf: _;ZZ: ] (1.15)

1214
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For abbreviation, we will omit (p, ¢), denoting it by U.

Recently, Szynal-Liana [11, 12] mentioned an attractive definition, namely Horadam hybrid numbers.
The author defined these numbers and gave Binet’s formula, generating function and character for Horadam
hybrid numbers. According to the study, for any natural number n, nth Horadam hybrid number is

Hy = Wy + iWpp1 + eWpya + hwyys.
The Binet’s formula for the Horadam Hybrid numbers is

- Aaa™ — BBp"

H, A (1.16)

where o= 1+ ia+ ea® + ha® and =1+ i + % + hB?. The generating function for Horadam hybrid
numbers is
_ Ho + (7‘[1 *p’Ho)t

1— pt + qt?

G(t)

The character of Horadam hybrid numbers is given by
C(Hn) = wi(l - p292) + Wnwnt1(29 + 2p%q — 2pq2)

+w) (1= 2p —p* +2p°g — ¢°). (1.17)

Throughout the paper, we prefer the lowercase letters for integer sequences and the uppercase letters for

hybrid number sequence to cancel any complexity except for the usual representations.
2. Main results
We give our results in this section. Note that the definition is reduced to certain special cases depending on the

choice of the parameters a,b, p, and g as shown in Table 2.

Table 2. Special hybrid numbers associated with choices of a, b, p, and q.

Horadam hybrid numbers | a | b | p Symbol
Generalized Fibonacci 0|1 1|p U,
Generalized Lucas 2| p|p Vh
Fibonacci o1 |1]-1]| Q,
Lucas 21111 -1]|K,
Pell 01 |2 -1]P,
Pell-Lucas 21212 -1 R,
Modified Pell 1111]2| -1 MP,
Jacobsthal O(1|1]|-2]| T,
Jacobsthal-Lucas 211 |1 =2 jn
Mersenne 01|32 M,
Fermat 1133 | -2|F,

We start with the following theorem.

1215
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Theorem 2.1 Let n be a positive integer. Then the Horadam hybrid numbers satisfy the recurrence relation
Hn+1 = pHn - an,1 (21>

with initial conditions
Ho = a+ib+e(pb—qa) +h (p*b— qla+1b))

and
Hi=b+i(pb—qa) + ¢ (p°d—qla+0b)) +h(p* +¢*a—pg(a+2b)—b).

Proof By using Eq. (1.2), the proof can be completed readily. O

According to Eq.(1.17), we have the norm of Horadam hybrid numbers as follows

NH.) = y/IC(H,,)] (2.2)

_ w2 (1 = p*¢?) + wnwn11(2q + 2p°q — 2pg?)
+wp yo(1—2p —p* +2p%¢ - ¢°)

More simplification gives

N(Ha) = /|02 + (o — wne2)? — w25 —wl - (2.3)

Note that Ozdemir [9] explained how to find the character and norm of a hybrid number by calculating the
determinant of a 2 x 2 matrix W. Inspired by this approach, we can define the following matrix to compute

the character and norm of the Horadam hybrid numbers

W, + wn+2 wnJrl - wn+2 + wn+3

W, =
W, +2 —Wn+1 + Wn+3 Wp — W42

In E3, H, is a spacelike, timelike, and lightlike if C(H,,) < 0, C(#,,) > 0 and C(H,) = 0, respectively.
Therefore, we can say that while it is possible to mention these three cases for the Horadam hybrid numbers
and the first two sequences in Table 2, others in Table 2 such as Pell or Mersenne hybrid numbers are only
spacelike. In addition, the hybrid number sequences whose entries consist of the components of a strictly
monotonic increasing sequence are also spacelike. In order to compute our next result, we will use Table 3.
Here, § = 1+ q — pq — ¢> and n = —ius + e(qu1 — uz) + hu;. To convince the reader, we prove one of them

here. From the definitions of o and g , We can write

(1 +ia+ea? +ha®)(1 +i8 + 6%+ hp?)
= 1+i8+eB°+hp°

+ia—af + (1 —h)ap® + (e +i)ap®
t+ea® + (h+1)a?B —ea?p?

+ha? — (e +1)a®B — ea’B? + (aB)?

af

_ 2ﬂ9+A< iug + eus + hug )

+q (—iuz + € (qui — ug) + huy)
= 28-0+AUy+qn).
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Table 3. Relationships between a and .

0%

B

;ng(g) §§79+A(Z/{0+qn)

' |12

20 —0—A( Uo+qn) | 28—C(B)

We now give the following useful result, which we will use to obtain a number of special identities.

Theorem 2.2 (Vajda’s identity) For any integers n,r, and s, we have

HosrHnts — HnHntrrs = ABq uy [2Us — usl — vs (Uy + qn)] -

Proof From the Binet’s formula for the Horadam hybrid numbers, we get

Hn+an+s - Han+r+s

é[(AgO/H—T' _ Béﬂn-l-r)(Agan-‘rs _ B@ﬁn-‘rs)

_(Agan _ Béﬁﬂ)(jélgan-&-r—&-s _ Bgﬁn"'“‘s)]
27? (_géan-‘rrﬁn-‘rs _ ﬁgan+56n+7- + Qéan6n+7-+s + éga""‘""‘sﬁ”)
AB
Fqn (ar _ 5r) (égas _Qﬁﬂs)
AB

anur [(2a — 0 — A Uy + qn)) ®

— (28— 0+ AU+ qn)) B°]

A
2 [2 (a0® — B5%) —0(a° — 5°) — AU + qn) (o + 5]

ABanr [21/{9 - Uso — Us (uO + qn)] .

We have the following particular cases from Vajda’s identity:

e For r = —s, we reduce to Catalan’s identity

HosHpss — [Hn]2 = —ABq"Pus [2Us — us0 — vs (Us + qn)] ,

e For s = —r =1, we find Cassini’s identity

Hp1 1o — [Ma)? = —ABg" 12Uy — 0 — p (Uo + qn)]

e For s=m —mn and r = 1, we obtain d’Ocagne’s identity

HnJrle - HnHm+1 - ABqn [2umfn - umfng — Um—n (Z/{O + qn)] .

Now we give some numerical examples for the above well-known generalized identities.
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Example 2.3 If we take (a,b;p,q) = (0,1;1,—1), the sequence {H}32, reduces to the sequence of the Fibonacci
hybrid numbers {Q}22, according to Table 2. Then we obtain A =1 and B = 1. From Egs. (1.12) and
(1.13), the sequences {u,}52 and {v,}22, give the sequences {F,}°2, and {L,}2,, respectively, where F,
is the nth Fibonacci number and L, is the nth Lucas number. Also, we have 8 =2 and n = —i—2¢ + h.

Thus, we obtain Vajda’s, Catalan’s, and Cassini’s identities for the sequence the Fibonacci hybrid numbers as
Qn+r QnJrs - QnQnJrrJrs - (_1)nFr [Q(iFs+1 + EFSJrQ + hFS+3) — L5(2l + 38 + h)] s

Qn—sQnis — [Qn]’ = (1)t E, [2(iFss1 4 €Fyyo + WFyy3) — Ly(2i + 3¢ + h)]

and
Qn—l Qn+l - [Qn]2 - (_1)n(€ + Sh)

respectively. If we substitute n =10, r =4 and s = 6 into the these three identies, we obtain
Q14Q16 — Q10920 = —30i — 36¢ + 150h,

04916 — [Q10]” = 80i + 96¢ — 400h

and
Q9011 — [Q10)* =+ 5h

respectively.

Here we give the exponential and Poisson generating function for the Horadam hybrid numbers. To do

this, we first define the following series

Ge(t) = Hn;n'. (2.8)
n=0 '

Theorem 2.4 The exponential generating function for the Horadam hybrid numbers is

Aae™ — BBeP!

Proof Considering the MacLaurin expansion for the exponential function, we write
=t N Aaa™ — BBpT
Ge t — n— = - @0@0@0@00=
DRSS IS pEc
n=0 n=0
1 o (at)” o (8"
= A - B
(T s
1 at Bt
= Z(Aae — BBe™)
O
Theorem 2.5 The Poisson generating function for Horadam hybrid numbers is
Aae®t — BfePt
Gp(t)= ——. (2.10)

Aet
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Proof Since G,(t) = e 'G,(t), we have the result by Theorem 2.4.

Substituting Gp(t) = e 'G.(t) into Eq. (2.9), the proof can be completed directly.

In next theorem, we give some summation formulas for the Horadam hybrid numbers.

Theorem 2.6 For every positive integer n, we have

n 1
Z’Ht = 7[Hn+1 —qHn—Hy +qH0]7
— p—q-—1

- 1
;Hth = m[%%wl — q2Hon—1 — (¢ + 1)H1 + pHo),
- 1
tzzl Hor = m[ﬂm-i-z + q27'l2n —pHi + Q(q + 1)7'[0]
and
- 1
_ 1\t — _1\n+1
;( 1)"H, ] (1) (Hug1 + qHa) + Ha + qHo] -

(2.11)

(2.12)

(2.13)

(2.14)

Proof Here, we only show the validity of Eq.(2.11) using the induction method. The others can be

demonstrated similarly. For n = 1, it is clear that Eq.(2.11) is true. Based on the assumption such that

it is true for n = k, we can write

k1 k
1
DoHe = M+ He=Hipr + ————[Hnr1 — ¢Hn — Hi + gHo
t=1 t=1 p—gq-1
_ PHe = qMe — qHin = Hisr + Hi — Mo+ qHo
p—q—1
Hit2 — qHrr1 — Hi + qHo

)

p—q—1

which is the desired result.

In order to give some important properties, we define the following matrices

_ Hn—i—l Hn _ Wn41 Wn,
Qn o |: Hn anl :| and Rn o l: Wn, Wn—1 :| '

Using the recurrence relations in (1.2) and (2.1), we obtain
Qn = Uanl and R, = UR,_;

and
Q. =U"Qo and R, = U™Ry.

We give the Honsberger formula for Horadam hybrid numbers in the following theorem.

(2.15)

(2.16)
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Theorem 2.7 (Honsberger formula) Let n and m be any integers. Then,

1
Hn-i—m - E [Tn+1Hm - anHm—l] 5

where T,, = bw, — awn 1.

Proof Using the matrices (2.15), we can write

Quim =U"T"Qo =U"U"Qo = RyRy ' Q.

Considering the entries the term 21th of matrix in the left-hand side is equal to the term 21¢h of the product
matrix in the right-hand side, which gives the result. O

Substituting (m,n) = (n —t,m +t) into the Honsberger formula we obtain the following result.

Corollary 2.8 For any integers m,n, and t, we have

1
Hner = E (Tn7t+1Hm+t - anfth+t71) .

Theorem 2.9 (General bilinear formula) Let k, I, m, and n be any integers satisfying that k+1=m+n

and r be arbitrary integer. We have
HiHi — HiHi = (_q)T(karHlfr - Hmfanfr) (217)

Proof Employing the matrix equations in (2.15) and (2.16), we obtain U¥Q; = U™Q,,. Considering the entry

(2,1) of the last equation, we write
Hk:Hl - HmHn = (_q)(Hk—lHl—l - Hm—IHn—l)-

Repeating the same operations of r times yields Eq. (2.17). O

Acknowledgements

This study was supported by a grant from the Research Fund Kastamonu University under project number
KUBAP-01/2018-77.

References
[1] Catoni F, Boccaletti D, Cannata R, Catoni V, Zampetti P. Hyperbolic Numbers in Geometry of Minkowski Space
Time. In: Springer Briefs in Physics. Springer, Heidelberg, 2011, pp.3-23.

[2] Cerda-Morales G. On generalized Fibonacci and Lucas numbers by matrix methods. Hacettepe Journal of Mathe-
matics and Statistics 2013; 42 (2): 173-179.

[3] Clifford WK. Preliminary sketch of bi-quaternions. Proceedings of London Mathematical Society 1873; 4: 361-395.
[4] Horadam AF. A Generalized Fibonacci sequence. The American Mathematical Monthly 1961; 68 (5): 455-459.

[5] Horadam AF. Complex Fibonacci numbers and Fibonacci quaternions. The American Mathematical Monthly 1963;
70 (3): 289-291.

1220



[6]

SENTURK et al./Turk J Math

Horadam AF. Basic properties of a certain generalized sequence of numbers. The Fibonacci Quarterly 1965; 3 (2):
161-77.

Horadam AF. Generating functions for powers of a certain generalized sequence of numbers. Duke Mathematical
Journal 1965; 32 (3): 437-446.

Horadam AF. Special Properties of the Sequence Wn(a, b; p, q). The Fibonacci Quarterly 1967; 5 (5): 424-434.
Ozdemir M. Introduction to Hybrid numbers. Advances in Apllied Clifford Algebras 2018; 28 (1): 11.

Rochon D, Tremblay S. Bicomplex quantum mechanics: IT The Hilbert space. Advances in Applied Clifford Algebras
2006; 16 (2): 135-157.

Szynal-Liana A. The Horadam Hybrid Numbers. Discussiones Mathematicae-General Algebra and Applications
2018; 38 (1): 91-98.

Szynal-Liana A, Wtoch I. On Jacobsthal and Jacobsthal-Lucas hybrid numbers. Annales Mathematicae Silesianae.
Sciendo 2019; 33 (1): 276-283.

1221



	A Study on Horadam Hybrid Numbers
	Recommended Citation

	Introduction
	Main results

