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Abstract: In operator theory characterizing extreme points has been systematically studied in a convex set of linear
operators from an algebra to another. This paper presents some new characterizations. We define pre-Markov operators
and identify when the second adjoint of a linear positive operator being an extreme point in the collection of all Markov
operators between the unital second order duals of two unital f-algebras. Moreover a characterization of extreme points
is given in the collection of all contractive operators between unital f-algebras. In addition, we give a condition that

makes an order bounded algebra homomorphism is a lattice homomorphism.

Key words: Markov operator, f-algebra, algebra homomorphism, lattice homomorphism, contractive operator, Arens

multiplication

1. Introduction

A positive linear operator T° between two unital f-algebras, with point separating order duals, A and B is
called a Markov operator for which 7" (e;) = eo where e1, eo are unit elements of A and B respectively. Let A
and B be semiprime f-algebras with point separating order duals such that their second order duals A~ and
B~ are unital f-algebras. In this case, we will call a positive linear operator T': A — B to be a pre-Markov
operator, if the second adjoint operator of T' is a Markov operator. Recall that a semiprime f-algebra A can
be embedded as a Riesz subspace and a ring ideal in the f-algebra Orth(A) of all orthomorphisms on A, by
identifying a € A with m, € Orth(A) where m,(b) = a.b for all b € A. The identity operator I4 on A is a
unit element in Orth(A) and A = Orth(A) if and only if A has a unit element. Hence we identify A with

7 (A). One can easily see that
Aﬂ[O,IA]:{aeA:a2Sa}:{aeA:OgabgbforallOgbeA}.

A positive linear operator T between two semiprime f-algebras, with point separating order duals, A
and B is said to be contractive if Ta € BN[0,15] whenever a € AN[0,14], where I4 and I are the identity
operators on A and B respectively.

The collection of all pre-Markov operators is a convex set. In this paper, first of all, we characterize
pre-Markov algebra homomorphisms. In this regard, we show that a pre-Markov operator is an algebra
homomorphism if and only if its second adjoint operator is an extreme point in the collection of all Markov

operators from A~ to B~ (Theorem 3.1). In addition, we characterize the extreme points of all contractive
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operators T' : A — B whenever A and B are Archimedean semiprime f-algebras provided B is relatively
uniformly complete (Proposition 3.5). For the second aim, let A and B be Archimedean semiprime f-algebras

and T : A — B a linear operator. Huijsman and De Pagter proved in [8] the following:

(i) If T is a positive algebra homomorphism then it is a lattice homomorphism;

(ii) In addition, if the domain A is relatively uniformly complete and T is an algebra homomorphism then it
is a lattice homomorphism and the assumption that the domain A of T is relatively uniformly complete

is not reduntant (Theorem 5.1 and Example 5.2.);

(iii) In addition, if the domain A has a unit element and T is an order bounded algebra homomorphism then

it is a lattice homomorphism (Theorem 5.3).

We prove that any order bounded algebra homomorphism 7 : A — B is a lattice homomorphism, if B
is relatively uniformly complete (Corollary 3.7). In this regard, first we give an alternate proof of Lemma 6
in [10] for order bounded operators with the relatively uniformly complete region instead of positive operators
with Dedekind complete region (Propositions 3.6 and 3.8). In the last part, we give a necessary and sufficient

condition for a positive operator to be a lattice homomorphism (Proposition 3.11).

2. Preliminaries

For unexplained terminology and the basic results on vector lattices and semiprime f-algebras we refer to
[1, 11, 13, 15]. The real algebra A is called a Riesz algebra or lattice-ordered algebra if A is a Riesz space such
that ab € A whenever a,b are positive elements in A. The Riesz algebra is called an f-algebra if A satisfies

the condition that
aAb=0impliesacANb=caAb=0forall0<ce A.

In an Archimedean f-algebra A, all nilpotent elements have index 2. Indeed, assume that a® = 0 for some
0 <a € A. Since the equality (a2 — na) A (a — naz) = 0 implies (a2 — na) Na? = (a2 — na) =0 we get a®> =0
as A is Archimedean. The same argument is true for all n > 3. Throughout this paper A is assumed to be
an Archimedean semiprime f-algebra with point separating order dual A™ [15]. By definition, if zero is the
unique nilpotent element of A, that is, a®> = 0 implies a = 0, A is called semiprime f-algebra. It is well known
that every f-algebra with unit element is semiprime.

Let A be a lattice ordered algebra. If A is a lattice ordered space, then the first order dual space A™
of A is defined as the collection of all order bounded linear functionals on A and A™ is a Dedekind complete
Riesz space. The second order dual space of A is denoted by A~™~. Let a € A, f € A~ and F,G € A~".
Define f-a € A™, by

(f-a)(b) = f (ab)
and F'- f € A~ by
(F-f)(a)=F(f-a)
and F-G € A~ by
(F-G)(f)= F(G-])

The last equality is called the Arens multiplication in A~ [2].
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The second order dual space A~™ of a semiprime f-algebra A is again an f-algebra with respect to
the Arens multiplication [4]. In the literature, there are several studies, for example [5-7, 9], that respond the
question "Under what conditions does the f-algebra A™~™ have a unit element?”.

Let A and B be semiprime f-algebras with point separating order duals such that their second order
duals A~ and B™" have unit elements E; and FEs respectively. Let T': A — B be an order bounded
operator. We denote the second adjoint operator of 7" by T**. Since A and B have point separating order
duals, the linear operator J; : A — A™", which assigns to a € A the linear functional @ defined on A™ by
a(f) = f(a) for all a € A, is an injective algebra homomorphism. Therefore we will identify A with J; (A),

and B with Jy (B) in the similar sense.

Definition 2.1 Let A and B be semiprime [ -algebras with point separating order duals such that their second
order duals A~ and B™" are unital f-algebras. In this case, we call a positive linear operator T : A — B to
be a pre-Markov operator, if the second adjoint operator of T is a Markov operator. That is, the second adjoint
operator T** : A~~ — B~ of T s a positive linear and T** (E1) = Es, where Ey and E5 are the unitals of

A™™ and B~ respectively.

Recall that a positive operator T : A — B satisfying 0 < T (a) < Ey whenever 0 < a < Fj is called a
contractive operator.

In this point we remark that , if A and B are semiprime f-algebras with point separating order duals
and T : A — B is a positive linear operator, then T** is positive. Indeed, let 0 < F € A~~ and 0 < g € B™.
Then 0 < goT € A~ and therefore F (goT) =T**(F) > 0.

Proposition 2.2 Let A and B be semiprime f-algebras with point separating order duals such that their
second order duals A~ and B~" have unit elements FE1 and FEs respectively. T : A — B is contractive if

and only if T** is contractive.

Proof Suppose that T is contractive. Then T** is positive. Let F' € [0, E1] N A~~. In order to prove that
T** is contractive we shall show that 7** (E;) < E5. Due to [9],

&=
S
=
N~—

[

sup f (AN [0, E1])
sup g (B N0, E»))

S|
[\v]
—~
)
~—

I

forall f € A~ and g € B~. Let a € ANJ[0,E] and 0 < g € B~. Since T is contractive, T (a) € BN [0, Es]
so g(T (a)) < FE3(g) which implies that T**E; (g) = F1 (goT) < Es(g). Thus T** (F1) < E3. Conversely,

assume that T** is contractive. Let a € AN[0,Eq] and 0 < g € B™. Then Z/“Ez(g) =g (Ta) <T*E;(g) <
Es(g) Thus 0 < Ta=Ta < E,. O

Corollary 2.3 Let A and B be semiprime f-algebras with point separating order duals such that their second
order duals A~™ and B™~" have unit elements E1 and Eo respectively. If T : A — B is a pre-Markov operator
then T is contractive.

Proof Since T** (E1) = E2 and T** is positive, T** is contractive. By Proposition 2.2 we have the conclusion.
O
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3. Main results
Theorem 3.1 Let A and B be semiprime f-algebras with point separating order duals such that their second
order duals A~ and B™" have unit elements E1 and Es respectively. A pre-Markov operator T : A — B is

an algebra homomorphism if and only if its second adjoint operator T** is an algebra homomorphism.

Proof Suppose that the pre-Markov operator T is an algebra homomorphism. Since T** is a Markov operator,
due to [8], it is enough to show that it is a lattice homomorphism. Let F,G € A~ such that FAG = 0. Since
A~ and B~ are semiprime f- algebras, F'- G = 0. We shall show that T** (F) - T** (G) = 0. Let a,b € A
and f € B™. Then it follows from the following equations

((f-Ta)eT)(b) = (f-Ta)(Tb)= f(TaTb) = f(T(ab))
= (feT)(ab) =((foT) a)(b)

that
(f-Ta)oT =(foT)-a. (3.1)

On the other hand, the following equations
(GoT*)- f)oT)(a) = (GoT") - f)(Ta) = (GoT*)(f-Ta) = G((f -Ta) o T)
hold. Thus ((GoT*)- f)oT)(a) = G ((f - Ta)oT). From here, by setting Equation (3.1), we conclude that
(GoT")-f)oT) ()= G((foT) a) = (G- (foT)) ()

which implies

(GoT")- f)oT) = (G- (foT)). (3-2)

Taking into account Equation (3.2), we get

(T (F) - T (@) (/) T (F)(T™(G) - f)) = (FeT*) ((GoT") - f)

F(GoT)-f)eT)=F(G-(feT))

thus we have

(T (F)- T (G) (f) = (F-G)(feT)=0
as desired. Conversely suppose that T** is an algebra homomorphism. Let a,b € A. It follows from
T(ab) = T(ab) = T** (cﬁ)) =T+ (a -E) = T** (@) - T** (E) = Ta-Th=TaTb
that T is an algebra homomorphism. O

In the proof of Theorem 3.1 we proved the following corollary as well.

Corollary 3.2 Let A, B and their second order duals A~ and B~ be semiprime [ -algebras and T : A — B

a positive algebra homomorphism. Then T** is a lattice homomorphism.

Theorem 3.3 Let A and B be semiprime f-algebras with point separating order duals and T : A — B a
positive linear operator. If the second order duals A~ and B~™ have unit elements and T is an algebra

homomorphism, then T is an extreme point of the contractive operators from A to B.
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Proof Suppose that T is a positive algebra homomorphism. Then due to [14, Theorem 4.3], T is a contractive
operator. Let 21" = T} +T; for some contractive operators 71,75 from A to B. In this case, 27™* = T +15*.
By Proposition 2.2, T** Ty and T5* are contractive and by Corollary 3.2, T** is a lattice homomorphism.
Taking into account [3, Theorem 3.3], we derive that 7** is an extreme point in the collection of all contractive
operators from A~ to B~ . Thus T™* =T} =T5* and therefore T' =T} = T5. O

At this point, we recall the definition of uniform completion of an Archimedean Riesz space. If A is
an Archimedean Riesz space and A is the Dedekind completion of A, then A, the closure of A in A with
respect to the relatively uniform topology [11], is so called that relatively uniformly completion of A [12]. If A
is an semiprime f-algebra then the multiplication in A can be extended in a unique way into a lattice ordered
algebra multiplication on A such that A becomes a subalgebra of A and A is an relatively uniformly complete
semiprime f-algebra. In [14, Theorem 3.4] it is shown that a positive operator T' from a Riesz space A to a
uniformly complete space B, has a unique positive linear extension T : A — B to the relatively uniformly

completion A of A, defined by,

T (x) =sup{T(a):0<a <z}

for 0 < x € A. We also recall that A satisfies the Stone condition (that is, * Anl* € A, for all z € A, where
I denotes the identity on A of OrthA) due to Theorem 2.5 in [7]. For the completeness we give the easy proof

of the following proposition.

Proposition 3.4 Let A and B be Archimedean semiprime f-algebras such that B is relatively uniformly

complete. In this case, T : A — B is contractive if and only if T is contractive.

Proof Suppose that T is contractive. Let € AN [0,I], here I is the unique extension to A of the identity
mapping I : A — A. Since T is contractive, a € AN [0,z] implies that I is an upper bound for the set
{T(a):a < x,a€ A}, so T (x) < I. Therefore T is contractive. The converse implication is trivial, since T

is the extension of T, we get 0 < T (a) =T (a) < I whenever a € AN [0, I]. O

Proposition 3.5 Let A and B be Archimedean semiprime f-algebras such that B is relatively uniformly

complete and let T : A — B be a contractive operator. Then T is an extreme point in the collection of all

contractive operators from A to B if and only if T is an extreme point of all contractive operators from A to

B.

Proof Suppose that T is an extreme point in the set of all contractive operators from A to B. We shall

show that for arbitrary € > 0 and contractive operator S from A to B satisfying ¢T"— S > 0 implies that
T =S5. Let 0 <2 € A. Then there exists a positive sequence (an), in A converging relatively uniformly
to 2. Since T and S are relatively uniformly continuos, the sequence T (a,) —S (a,) = €T (a,) — S (ay,)
converges to €T (z) —S (x). Therefore, since (ay,), is positive sequence and 7' — S > 0, we get eI’ —S > 0.
Since T is an extreme point, we have T = S, so that T = S. Conversely assume that T is an extreme point
in the set of all contractive operators from A to B. Let € > 0 be any number and let S be any contractive

operator from A to B satisfying €I’ —S > 0. Let U be the restriction of S to A. Since S is contractive, by
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Proposition 3.4, S |4= U is contractive and by the uniquness of the extension, we infer that S = U. Hence

(ET — S) |a=eT — U >0. Thus T = S, which shows that T is an extreme point. O

After proving the following Propositions 3.6 and 3.8 for order bounded operators with the relatively
uniformly complete region, we remarked that both were proved in [10] for the positive operators with Dedekind

complete region. They might be regarded as the alternate proofs.

Proposition 3.6 Let T : A — B be an order bounded operator where A and B are Archimedean f-algebras

and B 1is, in addition, relatively uniformly complete. Then T is an algebra homomorphism iff T is an algebra

homomorphism.

Proof Suppose that T : A — B is an algebra homomorphism and z,y be positive elements in A. By [14],
since
zy =sup{Ry (a):0<a<z,a€ A}

and
R, (a) =sup{ab:0<b<y,be A}.

Now as T is relatively uniformly continuous, we get,

T (Ry(a)) =sup{T (ab) =T (ab) =T (a) T (b) : 0 < b <y,be A}
=T (a)sup{T (b): 0<b<y,be A}

=T (a)T (y)
and then
T (zy) =sup{T (Ry(a)):0<a<z,ac A}
:sup{T(a)T(y) :0<a<uz,ac A}
=T (y)sup{T (a):0<a<z,a€ A}
=T ()T (y)
Hence T is an algebra homomorphism. The converse is trivial. O

In [8], both were proved that an algebra homomorphism T : A — B need not be a lattice homomorphism if
the domain A is not relatively uniformly complete (Example 5.2) and an order bounded algebra homomorphism
T : A — B is a lattice homomorphism whenever the domain A has a unit element. We remarked that
Proposition 3.6 yields that the second result also holds for an order bounded algebra homomorphism without

unitary domain but the region is relatively uniformly complete.

Corollary 3.7 Let A be an Archimedean semiprime f -algebra and B a relatively uniformly complete Archimedean

f-algebra. Then any order bounded algebra homomorphism T : A — B is a lattice homomorphism.

Proof By Proposition 3.6, T is an algebra homomorphism and since A is relatively uniformly complete, T'

is a lattice homomorphism [8]. Thus T is a lattice homomorphism. O
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Proposition 3.8 Let A be an Archimedean f-algebra and let B be a relatively uniformly complete semiprime

f- algebra. Then the operator T : A — B is a lattice homomorphism iff T is a lattice homomorphism.

Proof Suppose that T is a lattice homomorphism. Let z € A. Let a € [0,27]N A and b € [0,27]N A. Since

T is a lattice homomorphism, we have
T(aNnb) =T (a) NT (b) =0.
On the other hand, it follows from the equality
T(a)AT (z7) =sup{T (a) AT (b):0<b<z ,be A}
that
T(aﬁ)T(m‘) = sup{T(a) /\T(x_) 0<a<zT,ac€ A} =0
which its turn is equivalent to T is a lattice homomorphism, as B is semiprime. Converse is trivial. O

In this point, we remark that Lemma 3.1 and Theorem 3.3 in [3] are also true for Archimedean semiprime

f-algebras without the Stone condition on the domain A whenever B is relatively uniformly complete.

Proposition 3.9 Let A and B be Archimedean semiprime f-algebras, B relatively uniformly complete and
T : A — B a contractive operator. Assume that A has unit element. For y € A, define H, (y) =

T (zy) =T (z)T (y). Then T + H, are contractive mappings for all x € AN[0,1].

Proof By Proposition 3.4, T is contractive. Since A satisfies the Stone condition, due to [3, Lemma 3.1], we

have the conclusion. O

Corollary 3.10 Let A and B be Archimedean semiprime f-algebras such that B is relatively uniformly

complete and let T : A — B be a contractive operator. If A has unit element, then T FT, are contractive for
all a € AN[0,1], here T, (b) =T (ab) — T (a)T (D).

Proof By Proposition 3.9, T + H, are contractive mappings for all z € AN[0,I]. Let a € ANJ0,1] and
0<be A Then 0 < (T+H,) (b) =T (b)+ T, (b) holds. Thus T + T, is positive. Let b € AN[0,1]. It
follows from

0<(T+H,)b)=TO)+T,(b)< I

that T +7, are contractive. O

Proposition 3.11 Let A and B be Archimedean semiprime f-algebras such that B is relatively uniformly
complete and let T : A — B be a positive linear operator. T is contractive and it is an extreme point in the

collection of all contractive operators from A to B if and only if T is an algebra homomorphism.

Proof Let T be an extreme point in the collection of all contractive operators from A to B. Then by
Proposition 3.5, T is an extreme point of all contractive operators from A to B. It follows from [3, Theorem 3.3
that T is an algebra homomorphism. By Proposition 3.6, T is an algebra homomorphism. Conversely, if T is
an algebra homomorphism, then due to [14, Theorem 4.3], T is a contractive operator. By Proposition 3.4, T
is contractive and by Proposition 3.6, T is an algebra homomorphism. Thus T is an extreme point in the set

of all contractions from A to B due to [3, Theorem 3.3]. By using Proposition 3.5, we have the conclusion. O
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