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Abstract: In this work we introduce some generalizations of the singular parabolic Riesz and parabolic Bessel potentials.

Namely, A, being the Laplace—Bessel singular differential operator, we define the families of operators

a/B a/B

and Hg , = (I + 9 + (*Ay)’em) , (o, 8> 0),

a jz o B/2 -
Hew = <8t+( Av) ) ot

and investigate their properties in the special weighted L, . -spaces.

Key words: Laplace—Bessel differential operator, Fourier-Bessel transform, singular parabolic potentials, generalized

translation operator, Hardy—Littlewood—Sobolev type inequality

1. Introduction

Singular parabolic Riesz and parabolic Bessel potentials are defined in terms of the Fourier—Bessel transform
by
a/2

(H ) ) = (ol +) " ) (1)
and

(HE )Mz, t) = (1 + |z? +z’t) e (1), (1.2)

where z € R? = {£ | &= (&1, 6n-1,6n); &0 > 0}, |x\2 =22+ .. +22, t€ (—00,00).

These potentials are interpretated as negative fractional powers of the singular heat operators (% — A,,)
n
and (I + & — A,), respectively. Here I is the identity operator and A, = Y- %4—3—”% is the Laplace-Bessel
=1k T

singular differential operator.
The singular parabolic potentials H2 f and H% f, initially defined by (1.1) and (1.2), can be represented

as integral operators

(Hy f) (z,t) = ﬁ/ /OOO YW, (y, )TV f (2, t)y2 dydr (1.3)
R%
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and
1 o o
Hy f) (z,t) = // T2 eTTW, (y, T)TYT f(x, t)y2 dydr, 1.4
) @) = a7 | | (4. 7)T% (a1 (14)
R}
where,
Wy, 7) = Veln, v)(2r) "2 exp(— |y[* /47), y € RY, 7> 0 (1.5)

is the generalized Gauss—Weierstrass kernel, the operator T%7 is the generalized translation associated to the
Laplace—Bessel differential operator and

17!
C(’I’L,l/) _ |:(27T)n1221/11_‘2(y + 2):| 5 (see [1, 3, 5, 22]) (16)
In the present work we introduce the operators
9 8/2 —a/B
HY ==+ (-A, 1.7
S = (55 + (-2 (1.7
and

) —a/B
HE, = (I+ g + (—AV)B/2> , (a, 8> 0), (1.8)

which have the following integral representations:

(H, 1) (x,t):ﬁ / / FETIWD (g, )TV f (2, )2 dydr (1.9)
Ry
and
(HS., 1) W):ﬁ / / PE W (g, )TV (o, )2 dydr. (1.10)
Ry

Here, the kernel function W,.” (y,7) is defined as the inverse Fourier—Bessel transform of the function

exp(—7 |y|ﬁ) with respect to y € R’} -variable, i.e.
F, (W,55>(.,T)) W) =e W (yeR?, r>0,8>0). (1.11)

It is clear that in case of 8 = 2 the integral operators (1.9) and (1.10) coincide with the singular parabolic
Riesz and parabolic Bessel potentials (1.3) and (1.4), respectively.

In this work we investigate some properties of the operators (1.9) and (1.10) within the framework of

special weighted L,-spaces, defined as

1/p

Lyw =S fillfIl,, = // |f ()P 22" dxdt <00 p. (1.12)
RZ
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Remark 1.1 The classical parabolic potentials, generated by the ordinary (nonsingular) heat operators (—A +
BQ) and (I — A+ %) were introduced by Sampson [21] and Jones [13].

Various properties of these potentials and the suitable anisotropic Sobolev-type spaces were studied by
many authors: Gopala Rao [11, 12], Chanillo [9], Bagby [8], Sampson [21], Nogin and Rubin [15-17].
Eztensive information on this subject can be found in the books [18, 19], see also [4, 7, 20, 24] and references

therein. Singular parabolic potentials HS f and HEf associated to the singular heat operators (—A, + %) and

(I-A,+ %) were introduced by Aliev [1]. The wavelet approach to singular parabolic potentials were introduced

by Aliev and Rubin [3] (see, also [5, 22]).

2. Preliminaries and main results

The Fourier—Bessel and inverse Fourier—Bessel transforms of a function g(z,t), ((z,t) € R} x R') are defined
by

gy, ) = / gla, t)e Y HN G (2 y,)du(x)dt, (2.1)
R xR! 2

gV(y, T) - C(?’L, V)g/\(fyla oy T Yn—1,Yns 77-)3 (22)
where 2’ -y = 2191+ + Tn_1Yn—1; du(z) = 22dx = 2%dxy---dz,; v > 0 is a fixed parameter; jy(z) =
2 T(A + 1)27*Jy(2) is the normalized Bessel function such that j\(0) = 1, j5(0) = 0 and the normalized
coefficient c(n,v) = [(2m)"~ 1227112 (v + %)]71 (see, e.g., [1, 3, 14, 22]). Here we actually deal with the
ordinary Fourier transform in ' = (21,--- ,2,-1) and t variables and the Bessel transform in xz,, > 0 variable.

The generalized translation operator of g : R x R — C is defined as

YT r (V + %) " / / 2 2 . 2v—1
TY"g(x,t) = T gla’ —y' /22 — 22y, cosO + y2;t — 7) sin 6de. (2.3)
3) Jo

In fact, the operator T%7 is the ordinary (Euclidean) translation in 2’ and t variable and the Bessel
translation in x,, variable.

The relevant convolution is defined by
(h1 ® h) (z,t) = / ha(y, T)T" " ha(z, t)dp(y)dr. (2.4)
R? xR?

It is well known that
(hy ® hy)" = h} - h)

and

1 1 1
o S Wl ol 1< pgs S 00, o= o= (2.5)

[h1 ® hal

The Gauss—Weierstrass kernel associated to the Fourier—Bessel transform (2.1) is defined by

W, (y,7) = Ve(n,v)(2r) "5 exp(— |y|* /47), (y € RY, 7 > 0). (2.6)
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Here, ¢(n,v) is defined as in (1.6) (see [23] for n =1 and [1, 3] for any n > 1). Note that the kernel function

W, (y,7) is the inverse Fourier—Bessel transform of the function e=s171* with respect to z € R variable, i.e.

—iz’ -y’ . —7|z|?
Wi (y, 7)e ™Y j, s (@nyn)dp(y) = e 71 (2.7)

R}

The generalization of the kernel W, (y,7) has been introduced in [6] as the inverse Fourier—Bessel

transform of exp(—t |x\ﬁ), B > 0. Namely, for a given 5 > 0 denote

W (y,7) = (exp(—7 %) (9) = c(n, v) / eI L () (). (2.8)

RZ
We give here some properties of the kernel Wy(ﬁ )(y, 7) that we will need below.

Lemma 2.1 (c¢f. [6]) Let >0, 7>0 and y € R}. Then

(a) W,Sﬁ)(y, T) is radial with respect to the variable y € R’} and has the following anisotropic homogeneity
property:
WD APy, Ar) = A\~ 2By B (y ), A > 0. (2.9)

In particular, for A = 1/1 we have
7= (R 2By (B) (7=1By 1) = WP (y, 7). (2.10)

(b) For 0 < 8 <2, the kernel function WP (y,T) is positive.

(c) If 8 =2k, (k € N) then Wi (y,7) is rapidly decreasing as |y| — oo and infinitely smooth with
respect to y-variable.
(d) For any 7> 0,

WPy, r)du(y) =1, (2.11)

R}

provided that 0 < <2 or 8 =2k, (ke N).

Remark 2.2 In particular cases of =1 and f = 2 the kernel W,Sﬁ)(y,T) can be computed explicitly (see,
[2, 10]), namely,

2'((n+2v+1)/2 T
Wi (y,7) = (5/2 )/2) - : (2.12)
/20 4 1/2)  (Jy|? + 72)(n+2v+1)/2
WP (y.1) = Veln,v)(2r)” 22 exp(— |y|” /4r)
27TV+1/2 2
— 20 (4pr) (22— yl /AT 21
F(V+1/2)(7TT) e (2.13)

(The functions W,El)(y,T) and WV(Q)(y,T) are named as modified Poisson and Gauss kernels, associated to

Laplace—Bessel differential operator A, ).
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Remark 2.3 From now on it will be assumed that, W,Eﬂ) (y,7) =0, for 7 <0, ie.

W) (g, 7) = { (exp(—Tl-Iﬁ))V(y), if >0 }
v 0, if <0

By taking into account Remark 2.3 and setting
I 87 ifr >0
+ 0, ifr<o0 [’

the formulas (1.9) and (1.10) can be written as generalized convolution:

(HE, f) (z,t) = F(al/ﬂ) 2 W (g, 1T f( dp(y)dr = (pa ® £) (1)
R? xR?
and
(50 @) = oy [ W @I e dp(w)dr = (2 © Pla)

R7 xR?

Here,
pol0.) = gy W)

and

gy, ) = F(O%/B)Tf et (y, 7).

If f is a Schwarz test function, we have

(Hﬁ‘,yf)A =p) - f" and (Hgmf)A =q)-

Further,
/\( t) 1 /OO F1 —itr W(ﬂ)( ) —iz’y ( Ydu(y) | d
x, = T e v , T)E v—\TnlYn T
pa F(O[/ﬂ) e =+ Ri y j 5 y /’L y
1 > a_q : B
= —= T8 et eIl gr
F(a/ﬂ)/o
_ 1 OO 251 —r(j2lP+it) g
L'(a/B) Jo

= (=’ +it)~/P.

Similarly, we have

@z, t) = (14 |z|° 4 it) /7.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.18) and (2.19) show that the operators Hg ,f and Hf ,f can be interpreted as fractional (—a/B)th

powers of the fractional differential operators ((—A,)%/2 +8/0t) and (I + (—A,)%/2 +08/0t).
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Remark 2.4 From now on, regarding to the parameter (3 it will be assumed that 0 < <2 or =2k, k € N.
The main results of this study are as follows.

Theorem 2.5 Let the operators Hg ,, (e, B,v > 0) be defined as in (1.10). Then

h 5€ Cle ators Lpl/ ? pr are bounded, Ze
’ ’
H B.v/ Hp7y <— CB ||f||p,y7 {1 S p S OO);

(b)) If1<p<g<o anda>(ﬁ+n+2u)(%—%), then

151l < csp.a) 11f]

p,v’

(c¢) If a > (B+n+21/)%, then

esssup (MG, f) (x,t)| < s If],., -
(w,t)ERT XRE

The next theorem is a generalization of the Hardy-Littlewood—Sobolev theorem for parabolic Riesz
potentials, associated to the Laplace—Bessel differential operator.

Theorem 2.6 Let fe L,,, 1<p<oo and 0 <o < (8+n+2v):. Then

1
T
(a) The integrals (Hg‘,j) (z,t) converge absolutely a.e. in R x R';

(b) For 1 <p < q < oo, the operators Hg , are of the weak (p,q)-type, i.e.

q
m{(e) €RE xR [(113,0) ()] > ) < (L)

where a = (5+n—|—2u)(% - %) and ¢ = ¢(p,q,n,v) > 0. Here, the measure of a measurable subset E C R’} x R
1s defined by

m{E} = /xi”dwdt.

E

(c) For 1 <p < q < oo, the operators Hf , are bounded from Ly, to Lq, if and only if

a = (B+n+2v)(

).

D=
| =

Remark 2.7 In the case of § =2, Theorem 2.6 has been proven in the paper [3] by Aliev and Rubin. For the
ordinary (nonsingular) parabolic-type potentials, the analogues of the Theorems 2.5-2.6 were studied by Aliev
and Sekin in [7]. Note also that, in the forthcoming studies we plan to apply these results to the characterization

of the functional spaces associated to these potential type operators.
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3. Proofs of main results

Proof [of Theorem 2.5] (a) Applying the Minkowski inequality to the formula (2.15) and using the inequality

1T £l < N, (Y0, 7) €RY x RY) (3.1)

p,v —

we have

1 a
#1501, < (F(a/ﬂ)/ﬂ{ ) e Wﬁﬁ)(ym)‘du(y)dr> £,
pxR!

1 > F-1,—-7
gy Ve [, 77 (/R

The anisotropic homogeneity property (2.10) gives

J

W (y,7)| du(y)> dr.

n
+

Wi dnte) = [ iy

n n
+ +

(sety = 71Y/P2)

-

HHgal’pr,y S Cﬂ ||f||p7” :

WP (2,1)| 22dz = 5 < c0.

n
+

As a result,

(Note that, if 0 < 8 <2, then Wu(ﬂ)(y, 7) is positive and therefore, by virtue of (2.11) we have cg = 1.)
(b) By making use of the generalized Young inequality (2.5) we have from (2.15) that

1 1 1
4508y <l 1l (3= 243 -1).

S

Here,

lalls..

m (/n /OOO ‘Tg_le_TWlEB)(y,T)‘sdu(y)d7> ’

- o (AOO r(§1) s (/R

Using the anisotropic homogeneity property and changing variables as in previous section (a), we have

J

1/s
Wy(ﬁ)(yﬁ)’ yi”dy> dT) :

n
+

WZSB)(?/J)’ yrdy = /R T‘s("””)/ﬁ‘Wiﬁ)(T‘”ﬁy,l)’ Y2 dy
¥ ¥

= / Fs(n+2v)/B 2 Wy(ﬁ)(z,l)’szi”dz.

+
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Therefore,

1 0o (g,1)7w . )1 /
[ — 7_3 /3 ﬂ e éTdT
lallsr = £azB) </ e

The last integral on (0, 00) is finite if and only if

s(Z—l)—;(n+2u)(s—1)>—1 & %
« 1 n+2v\ 1_1 n+ 2v
< 5>(1_8)<1+ g )_(p Q>(1+ g )

p

This completes the proof of part (b). The part (c¢) follows from (b) by putting ¢ = co. O

Proof [of Theorem 2.6] (a) We have
(Hg,,f) (x,t) = i1(x, t) + ia(x, t),
where

11 (x Z; 17'%71 (8) NTY7T f(x T
0= gy o ) T T e )

and

ed) — — L T a1 () FYTYT ;
)= [, [ 7P T St

By making use of the Minkowski inequality and the anisotropic homogeneity property of ngﬁ ) we have

A

; 1 et o .
il < a7 /. 1 | W w1 1) (ol dutar

g Wl [ [ 7 WO 0] dutra
= v T v Y, T)|aply)atT
[(a/B) 7P r? Jo

1 ' .
= ———=If V/ ’WV(ﬁ) z,1 ‘zi”dz'/ 5 ldr
a7 b [, 791 0

1
= e esllfll, <oo

WP (2,1)| 22/dz < cco. Therefore, i1(z,t) is finite for almost all (z,t) € RT x (0, 00).

where ¢z = [pn
+
The application of the Holder inequality yields

oo 1/q
i@ < g Ml (/ i / T<?‘f—1>q\Wéﬁkym)\qdu(y)m)
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_ 1 007_(3—1)%—11M
- F(O(/,B) ||f||p,u </]R’jr~/1 s K

- ;an c /OOTq(%flf%)jL#dT 1/q -
oy M low s | f, |

q 1/q
Wi (y, 1)‘ y%”dy) < o0.

1/q
WP (r=1/8, 1)‘(1 du(y)d7>

11
where >+ =1 and ¢4 = (fRi

The last integral in (3.2) is convergent if and only if

(a_l_n+2y>+n+2u<_1
I\ 5 8 5

which is equivalant to the inequality o < (8 +n + 2V)%. As a result, the integrals (Hgy f) (z,t) converge

absolutely for almost all (x,t) € R} x (0,00). The case of p =1 is proved by a slight modification:

(b) Let now 1 < p < ¢ < oo, f € L,, and a = (6+n+21/)(%—%). We have to show that

5.1

’ <ec ||pr ,, where ¢ does not depend on f. We will use some of the techniques from our paper [7].
q,v ’

Taking into account the expression of the operator Hg , f in formula (1.9), we introduce the function K, , K}

and K° as follows

1 a_
K, =K,(y,7) = T 77 1W,§ﬂ)(y,7), (yeRi,TéRl);

(a/B) *
1 _ KV; TS,U' 0o _ 0, 'T<‘Ll,
Kl,—{ 0, r>up and K° = K, r>u [

that is K, = K} + K° (we will choose the parameter p later).
Everywhere below, the notation m{E} will denote the following measure of the set E = {(y,7) : y €
R}, 7€ R'} :

m{E}:/EyZ”dydT.

Let A > 0. Then
mo(N)

m{|K, ® f| >2X} = m{(y,7) € R} x RY: (K, ® f) (y,7)| > 2\}
m{|K, ® f| > A} + m{|K° ® f| > A} = m1(A) + moc(A). (3.3)

IN

The Chebyshev inequality and the Young inequality (2.5) yield

mi(A) = m{|K)® f| > A} =m{|K, ® f|" > \}
< AL e s, < AP, I, - (3.4)

Let us calculate HK,E HLV

. By making use of the anisotropic homogeneity property (2.10) and then setting

1
y=7172, (2 € R} ) we have

1 By
Kl - - ?_1 —(n+2v)/B B)(~-—1/8 1 21/d d
H l/||1,y I'(o/B) /1/0 T T W, (1 Dy, dydr
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o (s

m
Wy(ﬁ)(z,l)’zfl”dz>/ 87 Ydr
0

1 a
= 7M§ cs, (35)
r(g+1)
where
cg = / W (2,1)| 22dz < 0.
¥
From (3.4) and (3.5) we have
my(A) < ANTPuBP, (3.6)
where
P
c
A= < f
r(s+1)
Further, the application of Holder’s inequality gives
1K ® fllo = esssup K @ f| (y,7) < BN, £, (3.7)

1 1
where = + = = 1.
» Ty

(8)

Furthermore, using the anisotropic homogeneity property of W,”’ and changing variables as in (3.5) we

have

, 1/p'

- i )
> (§-1-nd2w 2w 1/p’

= ([ ) (],

Since a = (8 +n + 2v) <%,l) and iJrl:l,wehave

o 1/p
WP (z, 1)‘ zi”dz) .

(= B—n—20)p +B+n+2

<a 1 n+2u) ,+n—|—21/+1
[ — — p =
B B g

lap" = (B+n+2v)(p' —1)]

= e

/

. B_l[aﬂ—(6+n+2y)]

i

= glg(ﬂ+n+2u)

= —E(ﬂ+n+2u).

Bq
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Then

’

) 1 1/p
/ 7(%717”4%2,/ )p/+n+ﬂzu ir /p _ Bq /p . /3+Z;2V
I (5 +n+ 2’/)17/ ’

and therefore,

1 Bq p _ Bint2w
K*®||, < WP (.1 Ba
<o < 7 (n g mw) P00,
By taking this into account in (3.7) we get
|K e < B 55 (3.8)
where
1 Bq v
B = HW(ﬁ) 1 :
o () o], 151,
Now let us choose the parameter p so that
_ B4nt2w . A —Frtm
By~ Fe =)\ le pu= <B) . (3.9

Then we obtain from (3.8) that
KD ® flloo <A

and therefore, moo(A) = m{|K® ® f| > A\} = 0; see (3.3).

Now, from (3.3) we have

mo(A)

IN

Ba _ «
(3.6) a, (3.0 N\ BT BP
mi(\) < A PuEr ) gy - (B>

AB 5+anpf2y AP ﬁ+anp<g2u . (3 10)

Setting o = (8 +n + 2v) (% - é) , we have

I . (1 _ 1) _
p Btntgq =—-P—Pq g =—q
and
’ a-p
B+ ) e 1 Bq ®) )
ABBGBFrt2r) = -k W 1
ey (cemEe taw 7OC], 10,
= Cf|l}, ,where C does not depend on f.
As a result,

11,0\ *
m{|K, ® f| > 22} < C (=5 )
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and therefore the operator Hf , is of the weak (p, q)-type. The case of p =1 is proved by a slight modification.
From the Marcinkiewicz interpolation theorem it follows that Hg  f is of strong (p, q)-type, where 1 < p <

g <ooand a=(B+n+2v) (%_5)_

(c) The "necessity part” of proposition (c) follows from the homogeneity property of the kernel wi? (y,7).
For completeness, we present a sketch of the proof.

Let >0, 1 <p < g < oo and there exist ¢ > 0 such that
155, 1], < cllfll,, » Vf € Ly (3.11)

Then the inequality
185,90l , < clgll,., (3.12)

must hold for g(y,7) = f(\y, \°7), VA € (0,00), as well.
Further,

q 1/q
1559, = / o2dadt | .
R R” xR!

Changing variables as y — A"y, 7 — A P7, 2 = \'z, t = \~Pt and using anisotropic homogeneity property
WLEB)(A_ly,)\_ﬁr) — a2y (A) (y,T) we have

/ / 75 WP (y, 7) fAx = Ay, At = N7 )yer dydr
nJo
.

B+n+2v

1259, =2 |H5.I,,- (3.13)

On the other hand

1/p
v _ Btnt2v
||g||p,1/ = (/]R RI ’f(Ay7)‘BT)’py721 dydT) = )\ P ||pr,1/ : (314)
Tx

Since A > 0 is arbitrary, we have from (3.11), (3.12), (3.13) and (3.14) that it must be

2 2 1 1
o Btn+2v  B+n+ Y e o= (f4ntow) (_)
q p P q
The theorem is completely proved. O
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