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ZEROS OF DERIVATIVES OF DIRICHLET
L-FUNCTIONS*
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Abstract

In this paper diverse results on the location and number of zeros of derivatives
of Dirichlet L-functions are proved.

1. Introduction

Many results concerning the zeros of derivatives of the Riemann zeta-function
have accumulated over the last sixty years. The first study was by Speiser [7], showing
that the Riemann Hypothesis is equivalent to (’(s) having no zeros in 0 < ¢ < 15
(as usual s = o + it). The works of Titchmarsh [12, Theorem 11.5(c)] and Spira
[8],[9] demonstrated the existence of zero-free regions for ¢F)(s): A half-plane, o > 0%
(2< 01 <3,00< 5,01 < %k + 2 for k > 3); a half-plane ¢ < o < 0 where C(k)(s)
has only real zeros; in the strip ay < 0 < —e (for any € > 0) the set of points distant
enough from the origin. Spira [8] also calculated the zeros of ¢’ and ¢” in the region
—1 < o < 5,]t] < 100. The zeros in Spira’s list are all to the right of the critical line
%, except for a pair of zeros of (''(s) at approximately —0.36 + 3.597. It is known
after Berndt [1] that (*)(s) has L (log .= —1)+O(logT) non-real zeros in 0 <t < T, as
T — oo, and after Spira [10] that most of these zeros lie in 0 < ¢ < £ + & for 6 > 0. In
a most comprehensive paper Levinson and Montgomery [5] obtained unconditional and
conditional estimates as to how the zeros of ((*)(s) are positioned with respect to the
critical line. Further study in this direction was conducted by Conrey and Ghosh [3].
Levinson and Montgomery also showed, assuming RH, that (*)(s) has at most finitely
many non-real zeros in 0 < ¢ < § (see also [13]). As the development of the theory
of Dirichlet L-functions parallels that of the Riemann zeta-function, albeit with some
differences, we have undertaken here to prove analogues of some of the results mentioned

above for L(s, x).

o =

1991 Mathematics Subject Classification. 11M26; Secondary 11M20.
* This article was published in Volume 20 No. 4 of ‘Turkish Journal of Mathematics’ in 1996. However,
as there were errors in this issue, the article is reprinted here in its corrected form.

521



YILDIRIM

Notation: Throughout this paper x will be a primitive Dirichlet’s character to the
modulus ¢ (therefore ¢ >3 and ¢ #2 (mod 4), see [11]) and

a_{ow x(=1) =1,
T i x(-1)=-1.

Capital letters C, D, .. will stand for fixed numbers

p : a prime number

p : a non-trivial zero of L(s,x)

pr = Br + ivk : any zero of LE)(s x), k> 1

v : Euler’s constant or 3p depending on the context.

2. Preliminaries on Dirichlet I -functions

In this section after recollecting the necessary basics (we refer the reader to Dav-
enport’s book [4] for an exposition of the theory of {(s) and L(s,x)) we shall present
some lemmata. The Dirichlet L-function associated with yx is represented by the series

n

L@AQ:E: &)(0>®, (1)
n=1
and satisfies the functional equation

L(1—s,x)=e(x) 2" 77° ¢*~% cos 723(5 — a)T(s) (s, %), (2)

where |¢(x)| = 1. Owing to the poles of the T' factor in (2), L(s,x) has so-called trivial
zeros (all simple) at 0,—2,—4, .. if a = 0; at —1,-3,—5,.. if a = 1. It is known that
all other (i.e. non-trivial) zeros are in the critical strip 0 < 0 < 1. The Generalized
Riemann Hypothesis states that all non-trivial zeros lie on o = % . From the Weierstrass
factorization of the entire function

&0 = (D12 165,30

= A+B TJ(1 - 2)es,
B P

where A = A(x) and B = B(x), it follows that

I 1. ¢ 1T s+a 11
T =—glog— — o (— )+B(X)+Z(E+*)- (3)
P

p

On the other hand logarithmic differentiation in (2) gives
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L I L
——E(l—s,x) logQ——gtang(s——a)—i—F(s)-k—[—/—(s,Y). (4)

One can obtain from the functional equation that

RB(x) = Z%— (5)
and, assuming GRH, (3) with s =1 gives
L/
SB(Y) =97(1,%). (6)

The combination of (3) at s = 0 and (4) at s =1 (if a = 0 we consider s — 0 in (3)
and s — 1 in (4)) leads to

1 q v L
B(X)_—ilog;+§+(1—— a)logQ—f(l,x). (7)
Lemma 1. Assuming GRH, as ¢ — o0,

LI
7 (1,x) <loglogg.

Proof.

L’ A(n) x(n)

n=2 n=2 nN+1

where N will be specified later. By the prime number theorem

DI P T IR

=2 p<N

Applying partial summation to the consequence of GRH that

Y A(n)x(n) < 27 log’ gz,

n<z
we have
A log? ¢N
Z (n) x(n) < 0%/_‘{ '
n>N n N
. log4q .
Choosing N = ——=—— we obtain the result. 0O
(loglog ¢)?

From Egs. (4)-(7) we have
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Corollary 1. Upon GRH, as ¢ — o0,

1
B(x) = -5 logq + O(loglogg)
1 1
RB(x) = _Zye; = —ilogqﬁ-O(loglogq)
P

SB(x) = O(loglogq)

LI
f(O,X) = —logq+ O(loglogq) in case a=1.
The proof of Lemma 1 may be carried out in a disk of radius <« Iogllogq

s = 1, allowing us to state

Lemma 2. Assuming GRH, as ¢ — o0,

LI
Z(5,x) < loglogg, for ls—1] < &5,

LI
T (50 <p logloga, for s = 1] < s

More generally, considering the Dirichlet series for (%)(j_l),j > 1, we have

Lemma 3. Assuming GRH, as ¢ — oo,

1) .
“—(5.,x) < (logloga), for|s—1|< 27,
L)

7 (5,X) <;.p (loglogg), for|s—1|< Fgﬁg—q.

Lemma 4. Upon GRH, for k> 1, as ¢ — 00,

L(k+1)

1—a
W(O’ x)=—(1+ —k—)logq + O (loglogg).

Proof. By k-fold differentiation of both sides of (2)

K _26(0) o [k ¢\ T () (ki) =
(=DF L )(I_S’X)_Wg(i){(%) cos 5 (5 — a)T(s)} Ll (5, %)-
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We abbreviate log 5L = /. From (8) at s =1, as ¢ — oo,

Al W (k)é’(HO ) LE9(1,%) ifa=1,

(—1)F L®(0,x) =

=£00VT sk k =11+ 0;(0~1)) L*=)(1,y) ifa=0
2 2=t j )Y i X e

This may be expressed in the form

iz‘;r)ﬁ[(ﬁw%;?; FL(s,X))s=1(1 + O (£71)) ifa=1,

—1)* () =
(=1)" L0, x) {%@k[(ﬁ+d%)k_lL(S,Y)]s:l(]+Ok(£—1)) ifa=0.

Let Gi(s,f) := (£ + d%)kL(s,Y), so that Gr41 = £Gy + G, where the prime denotes
differentiation with respect to s. Then

[(k41) (64 Z=(1,0)(1 + Ox(€71)) ifa=1,
ION (0,x) = E+1(y Gron 1 e
£L(0 4 S (1,0)(1 4 0c(61)) ifa=0,
Now, for k£ > 0,
L' | kL" 1 L+
'“(1 0= +t—L E—L—(1,%) <& loglogg,
I+ ++5g
O
by Lemmata 1 and 3. This completes the proof of Lemma 4.
Writing
L(k+1) I(k+1) 1
W(SJO =TI (0, X)+Z _— pk)’ 9)

and differentiating both sides of (9) ¢ times at s = 0 gives

L(k+1) (1) L
Pk

The left-hand side can be evaluated by repeated use of Lemma 4 yielding
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Corollary 2. Let pr run through all zeros of L(k)(s, X), k> 1. Upon GRH, as ¢ — o0,
fort =23 ..

> ppt= (54)" + Ox((log )~ 'loglogg)  ifa = 0,
Or((log q)*~"loglogq) ifa = 1.

Corollary 2 makes more sense upon searching for p; close to the origin. Suppose
L¥)(1—5,x) =0, where |s — 1| < .. Arrange the right-hand side of (8) in powers of

£. Tt 1s enough to consider the two leadlng terms and to lump the rest with # j < k—2,
into an error term. In view of Lemma 3 we must have

2
tang(s_ a) = .—logg + O(loglog ). (10)
T

If a =1, then tan Z(s— a) is nearly 0 for s close to 1 and (10) can’t hold. Hence there
are no zeros of L(k)(s x) within a distance O(: ) from the origin. If a = 0, then (10)

has a solution which reveals a zero of L(* )(s,x) located at

k log 1
+ oglogg

Orx(

11
g7 log” 4 )- (11)

This zero close to the origin for a = 0 gives rise to the main term in Corollary 2.

3. Zeros of I/(s,x) in 0 <o < %

It turns out that the zero given by (11) is the only zero of L’ in the left-half of the
critical strip when ¢ is sufficiently large.

Theorem 1. Assume GRH If a =0 and q > 216, then L'(s,x) has ezactly one zero
1 wzth0<§Rp1< , (O loglogg ). [fa—"l and q > 23, then L'(s,x) has no

log® ¢
zeros in the left- half of the crztzcal strip.

Proof. Taking real parts in (3), employing (5) and GRH (p = 15 + i), we have

L 1, ¢ 1T 1 1
R (5.0 = —5log L — SR (2T 5)273(0_9”0_7)2. (12)

Case 1: a = 1. As a contour take a large T and form the rectangle with corners at
+iT, 1 + ¢T", making small left-semicircular indentations around the zeros of L(s,x) on
the crltlcal lme On the horizontal sides of the contour all terms on the right-hand side of
(12) are negative, so that §RL < 0. On the left edge the last term of (12) is negative. For

[t| > 3, —§RF (1£) < 0, and for |t| < 3, %F () > §RF (3). So, if ¢ > el (3l (i.e.
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g > 23), then RL < 0 on [—iT,iT]. On the right edge if ¢ > wel%’(ﬁ)l (ie. ¢ > 10),
then —1 log £ S)‘Er(“r1)<0 Also SRZ—p_OWhen o = 1, while SRZﬁ can
be made arbltrarlly large negative on the indentations by takmg the semicircles small
enough. Hence %‘:— <0 ‘rhroughout the contour on and inside which ,T’ is analytic.
Thus L' has no zeros in 0 < o < 3

Case 2: a = (). We modify the contour by going around the origin on an arbitrar-
ily small left-semicircle. On the horizontal sides and the critical line we argue as be-

fore. To guarantee that 5}%% < 0 we must take ¢ > rel®E (D) (ie. ¢ > 216). On
o= 0, R (it) > —4,¥t # 0 and limt/_,,()?)%l%(it) = —y. If [t| > 2, then RL(3) > 0.
On the left-semicircle around 0, 5}%%(%) assumes large positive values. Hence, for

q > 216,5}%% < 0 all along the contour. Since % has a pole at s = 0, by the argu-
ment, principle there must be exactly one zero of I’ inside the contour. We already know
by (11) where this zero is. If y is real, then this zero is also real. a

Remarks: (1) For small ¢ the possibility remains that ' has zeros 3; + iy; with
0< B < 3,|ml<3.

ii) We can see that RE (1 + it,x) < 0 if L(L + it x 0. So L' may vanish on the
- : L\32 2
critical line only at a multiple zero of I..

4. Zero-free regions on the right for L*)(s, y)
Theorem 2. Let m be the smallest prime that doesn’t divide q. Then L¥)(s,x) # 0

4k?
2 )

mlogm
Proof. Let m = m(q) be the least n > 1 such that x(n) # 0. Equivalently m is the
smallest prime that doesn’t divide ¢. By the prime number theorem m = O(log q). Now

L¥)(s,x) = (=1)F Z x(n logn) (o > 0),

f0r0>1+ (l+ 1+

so that

IL®)(s, v)|

Y

OTTlIC > onk
(lg)_z(li) (o

mO

(o >

k 0 k
S (logm) _/ (log z) Iz )
mﬂ m xC"

log m

(log m)* mt=7k! Z logm)] rr—l)

me ((f—l)’“‘“
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Setting z = (o — 1)logm, we would have |L*)(s, x)| > 0, if

2R+l ki
_ = — > 0.
k'mlogm JZ_: it

For this type of polynomial there is only one z € Rt at which equality is achieved (Polya
and Szego [6, Vol.I,Pt.IIT,Problem 16]). We can assume o > 1 + fogm » S0 that z > k.

y K

Then,
= k (k — !~ k!'mlogm’
1 4k2
the last inequality being true for z > mogm (l +4/1 4+ ) . Writing this condition
mlogm
on z in terms of ¢ completes the proof. a

5. Zero-free regions in the left half-plane for L*)(s, x)

Theorem 3. Given any ¢ > 0,3K = K(k,¢, a) such that there is no zero of L'¥)(s,x)
in the region |s| > ¢% o < —¢, |t > €.

Proof. From (8) we can say that |L¥)(1 — s, x)| > 0 provided

J . —_——
|F(k)(g) cos 5(9 —a)L(s,x)| > Z ( )F(J) Z (k;.7> (log %)l::kjj_ll (cosg(s - CL)L(S,Y)).

=0

Suppose [t| > ¢, so that |tan 7 (s— a)| is bounded. For s > 1+¢, L")(s, x) and
are all bounded. Since

L(s x)

j—1

T (s) = T(s){(logsY + > Enj(s)(logs)"}, Enj(s) = ( (13)

n=0

we see that if |logs| > K logq, for sufficiently large K = K(k,e, a), then (13) will be
satisfied.

Tt can also be seen by Rouché’s theorem that there is ar = ar(q,€6,a) < 0 such
that L(*)(s,x) has exactly one zero whose real part is in (=1 —2n — a,1 —2n — a) for
1—2n < ap. If x is a real character, then all such zeros would be real. For complex x
these zeros will tend to the negative real axis as one goes leftward. O
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6. The number of zeros of L(*)(s, )

Equipped with the information in the two preceeding sections we shall calculate
Ni(T,x),k > 1, the number of zeros of L(*¥)(s,x) in a region —¢¥X < o < o3, |t| < T as
T — oo. Here T is chosen so that there are no zeros of L(’“)(s, x) on the lines t = &£T
and o is taken large enough so that

(i) L™¥)(s, x) has no zeros in ¢ > o},
k

. = (logn)* 1 (logm)
(11) Z nk S 5 mok
1+ 2k?

(The smallest such o i1s <14+ m(1 +
mlogm

)-)
By the argument principle,

N 1 ox+iT —¢K+iT - —iT ok —iT i )
H(Tox) = %{ ox—iT +./ak+iT +/—qK+iT +/_q1«’-z‘T}d5 tog L (s. x) ds

1
= —(h+ L+ I3+ 1),
271

say. First,
I = log LM)(s, V)72 ¥i7
—1DEx(m)(logm)* . ., oot
= tog MMM i 4 og1 4 g(a)) 152 *1E
where

oo (18R )by () ()
= 3 “%mli;yﬂ )

n=m++1

By condition (ii) on oy, [g(s)| < % on 0 =o0r. So Aarg(l+ g(s))[”’“"‘" < 7, and

ox—iT
I = =2iT' logm + O(k loglog m) + O(ot logm) + O(1) .
Now, to estimate I put
(s, x) = (=1)*x(m)e’ T8 LI (s, x)
so that the leading term of ¢r(ox + ¢T, x) is positive. Let v be the number of zeros of

Ror on (—¢X +iT, 0, +4iT). Then this interval is divided into at most 4 1 subintervals
in each of which R¢; is of constant sign. Hence
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K, .
IS12] = A arg 6x(s)], . 4T < (v+ D,

and we need to estimate v. Let
1 . Y —
f(z) = J{or(z +iT) + ¢ (Z +iT) |

and n(w) be the number of zeros of f(z) in the disk |z — o}| < w. Take
r = 2(cx + ¢%). We have

" n(w) >r " dw 7
——~dw>n(z) |- — =n(=)log?2
[ ez n) [T = s
so that by Jensen’s formula

1
log 2

r

(=) <
"35) < 30

2n
| toslrre + aldo - g (o).

To put a bound for the terms on the right-hand side note that
|f(or)| = Roy(ox +iT)
_ (logm)* —— i1 <= (logn)*x(n)
= R{EEL T YD LI,

n0k+iT
n=m+1
(log m)*

1
>_
— 2 mo

by the choice of ap. Also L¥)(s,x) = O(|qs|MqK), where M = M(k), as t — oo in
our strip. (For L(s, x) the estimate |L(s,x)| < 2q|s|, for ¢ > %, ([4, Chapter 12]) along

with the functional equation implies such a bound. Then, for L(k)(s, X) one can proceed
inductively via Eq.(8).) This means v < n(%) < ¢¥ logq|s|, and

3Ty = Ox(¢™ logqT) .

The same reasoning and estimate also holds for 1.
K .
—q" =T

It remains to estimate I3 = log L(¥)(s, x) _gx 4i7 - From (8) we write

2 o
L(k)(S,X) _ 5(X)\/§(_7T)se§z(l—a—s) F(] _ S){R] —Jr—Rz} ’
T q

where R; is the contribution coming from

27 s m k W
{(ﬁ) cos 5(1 —a—s)T(1 —s)} )F

)
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and R, is the contribution coming from

(o0}

77;—) cos—(l —a—s)( - q)}(k)n ;H Z(n) +

{(

k—1
+Z< ) —)scosg(l-—a—s)[‘(l—e)}(])[(k ])(l—s X)-

J=

If ®s is sufficiently large negative (i.e. if K is sufficiently large), then |%(s)| <1, so
that arg |l + %(5)1 varies less than = as s goes on the path of I3. Then

I3

2 Ry —
{log(?) +log T(1 — s) + log Ry + log(1 + R_l) —(1 —a—s)}_ 4”2;':

T
= 2iTlog 2% + 0k(¢%) + Ox(loglog T).

Combining the estimates for I, I, I3, I4 we have proved

T
Theorem 4. Ni(T,x) = P log + 0¥ logT), as T — 0.

qT
2mem
In this connection we remind that by a theorem of Bohr and Landau [2], a Dirichlet
series Which converges for o > 0 (in particular L(¥)(s,x), k > 0) has O(T) zeros in
o>00> 3, [t]<T.

7. Zeros of L¥)(s,xy) in 0< o < ]5

We have seen that zeros of L(¥)(s, x) can be classified in the following way:
(i) For 0 < —¢® | what we may call trivial zeros are situated within ¢ of the negative real
axis (they are on the axis for real y).
(i) There may be vagrant zeros in |s| < ¢, Rs < —e.
(iii) There are zeros in —e < Rs; these will be called non-trivial.
Here ¢ > 0 can be any small fixed number. In this section we prove

Theorem 5. Assuming GRH, there are at most finitely many zeros of L(k)(s,x) mn
the strip —e <o < %

Proof. The proof will be by induction on k. For k¥ = 0, GRH says it all. Assume that
there are finitely many zeros pp of L(F)(s,x) with —e < Rp; < % Recalling (9) and
Lemma 4,

J(k+1)

1—a 1 1
o (0 = = o) oga+

e Pk
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