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Abstract: In this paper, we study the quenching behavior of the solution of a semilinear reaction-diffusion system with
singular boundary condition. We first get a local exisence result. Then we prove that the solution quenches only on the
right boundary in finite time and the time derivative blows up at the quenching time under certain conditions. Finally,

we get lower bounds and upper bounds for quenching time.
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1. Introduction

In this paper, we study the quenching behavior of the solution of the following semilinear reaction-diffusion
system with singular boundary condition:

U =Upe + (1 —0) P 0<z<], 0<t<T,
V=V +(1—u) P, 0<2<1, 0<t<T,
)=

ug (0,8) = 0, ugy (1,¢ (1 —u(L,t) 1, 0<t<T, (1.1)
vy (0,8) =0, vy (l,t) ={1—-u(lt) 2, 0<t<T,
u(z,0) =up(z) <1, v(z,0) =vo(zr) <1, 0 < <1,

where p1, pa, q1, q2 are positive constants and ug(z),vo (z) are positive smooth functions satisfying the compat-

ibility conditions:

up (0) =05 (0) =0, ug (1) = (1 = wo(1))™", wg (1) = (1 — ug(1))~*.

Such systems arise in the study of simultaneous diffusion of several substances that decay spontaneously (see

[14], page 189). Our main purpose is to examine the quenching behavior of the solution of problem (1.1).

Definition 1 The solution of problem (1.1) is said to quench if there exists a finite time T such that

lim max{u(z,t),v(z,t):0<z <1} — 1

t—T—

After this point, we denote the quenching time of problem (1.1) with T .

*Correspondence: bselcuk@karabuk.edu.tr
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The concept of quenching was first introduced by Kawarada [7]. Kawarada considered an initial-boundary
value problem for the parabolic equation u; = gz, +1/(1—u). The quenching problems have since been studied
extensively by several researchers (cf. the surveys by Chan [1,2] and Kirk and Roberts [8], and [3,4, 5, 10, 16]).
There are many papers about the quenching behavior of the solutions of parabolic systems ([9,17,18,19]).

For problem (1.1), if p1 = p2, ¢1 = g2 and up = vy, it is reduced to the following problem;

U =Uge + (1 —u)PL0< <], 0<t<T,
uzr(0,1) = 0,uy(1,8) = (1 —u(l,t) " ,0<t < T, (1.2)
u(z,0) =up(x) <1,0<z < 1.

Recently, Ozalp and Selcuk [11] studied problem (1.2). They proved that the solution quenches only on the
right boundary in finite time and the time derivative blows up at the quenching time under certain conditions.
Finally, they obtained a lower bound and an upper bound for quenching time. Fu and Guo [6] investigated the

blow-up behavior of the following semilinear reaction-diffusion system:

Up = Uyy + 0P, O< 2 <1, 0<t<T,
Vg =V +UP2, 0<z <], 0<t<T,
up (0,8) = 0, ug (1,8) = 08 (1,8), 0 <t < T, (1.3)
vy (0,8) =0, v, (1,8) =u(1,¢), 0 <t <T,
u(z,0) =up(z) >0, v(z,0) =ve(x) >0, 0 <2 <1,

where p1,p2,q1,q2 are positive constants and ug(z),vo (z) are nonnegative smooth functions satisfying the
compatibility conditions. They proved that the solution blows up only on the right boundary in finite time
under certain conditions. Finally, they obtained the blow-up rate.

The equivalence between the blow-up problem and the quenching problem is well known; for example,
see [10] and [15]. Motivated by problems (1.2) and (1.3), we investigate the quenching behavior of problem
(1.1). In Section 2, we give a local existence result for problem (1.1). In Section 3, we prove that quenching
occurs in finite time, the only quenching point is = 1, and (u¢, v;) blows up at quenching time under certain

conditions. In Section 4, we obtain lower bounds and upper bounds for quenching time.

2. Local existence
It is well known that one of the most effective methods to obtain existence and uniqueness results of the solutions
of a parabolic equation and system with initial conditions is the monotone iterative technique (for details see
[6,12,13]). Interested readers may refer to [4] for the application of monotone iterative techniques to the
quenching problem for a parabolic equation.

Let C™(Q),C%“(Q) be the respective spaces of m-times differentiable and Hélder continuous functions
in  with exponent o € (0,1), where @ is any domain. Assume that the set of functions that are twice
continuously differentiable in z and continuously differentiable in ¢ for (x,t) € [0,1] x [0,T) are denoted by

C?1([0,1] x [0,7)). In addition, it assumed that initial function ug(z) is in C?*+<.

Definition 2 (%,9) is called an upper solution of problem (1.1) if u,v € C([0,1] x [0,T))NC?1((0,1) x (0,T))
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and (@,v) satisfies the following conditions:

Up —Upe > (1=0) ", 0<2<1, 0<t<T,
Vp— Ve > (1—0) ™, 0<2<1, 0<t<T,
Uy (0,t) =0, Uy (1,¢) > (1 —2(1,8))" ", 0<t < T,
U, (0,8) =0, U, (1,6) > (1 —a(1,t)"?, 0<t<T,
w(z,0) > ug (), v(z,0) >v(x), 0 < <1,

2
2

Similarly, a lower solution U, € C([0,1] x [0,T))NC?%1((0,1) x (0,T)) of problem (1.1) is defined by reversing

the inequalities.

Lemma 1 Let (u,v) and (u,0) be a positive upper solution and a nonnegative lower solution of problem (1.1)
in [0,1] x [0,T), respectively. Then we get the following results;

(a) w>u and v >0 in [0,1] x [0,T),

(b) if (u*,v*) is a solution, then ©w > u* >u and ¥ > v* >0 in [0,1] x [0,T).
Proof (a) The proof is given by utilizing Lemma 2.1 in [6]. Let © =u — @ and ¥ = v —v. Then O(x,t)
and U(x,t) satisfy

where

a(z,t) = , if U #£ 0 ; otherwise a(z,t) =0,

b(x,t) = , if uw# u ; otherwise b(x,t) =0,

) R O ) R
c(t) = LD o) , if v # 7 ; otherwise ¢(t) =0,
dy = LZELO)TR A =BLO)™ o otherwise d(t) = 0.

For any fixed 7 € (0,7), we will show that ¥ > 0 and © > 0 for 0 < z < 1 and 0 < ¢t < 7. For

contradiction, we assume that © has a negative minimum in [0, 1] x [0, 7] and ming 1]x[o,-] © < minjg 1jx[0,-] ¥-

Let O(z,t) = e Mt=L2*Q(z.t) and U(x,t) = e~ M=L"W(z, 1), where

L= maxc(t)/2,M = 2L +4L? + max a(x,t)+ max b(x,t).
0<t<t [0,1]x[0,7] [0,1]x[0,7]

Then © and U satisfy

O; > Ouy +4L2O, + (2L + 4L%2? — M)O + a(, 1),
I<zrx<l,0<t<T,
U, >, +4La¥V, + (2L + 4L%2% — M)V + b(z,1)0©,
I<r<l,0<t<T.
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Since © > —§ and ¥ > —§ on the boundary ([0, 1] x {0}) U ({0,1} x (0,7]), where —4 := mingg 1] [o,] 0 <0,
it follows from the strong maximum principle for weakly coupled parabolic systems (cf. Theorem 15 of chapter
3 in [14]) that © cannot assume its negative minimum in the interior. Hence, ©® > —§ in (0,1) x (0,7]. Let
(20,t0) be a minimum point on the boundary {0,1} x (0,7]. Since ©,(0,t) < 0,0 < t < 7, then the strong

maximum principle implies that 2o = 1 and O, (z¢,ty) < 0. However,
0. (1,t9) = —(c(ty) — 2L)O > 0,

which is a contradiction. Thus, 4 > u and v > v in [0,1] x [0,T).
(b) It is clear from Definition 2 that every solution of problem (1.1) is an upper solution as well as a

lower solution of the corresponding problem. If (u*,v*) is a solution, then we get

and
u>u*>uand v >0 >0
n [0,1] x [0,T) from Lemma 1(a). O
For a given pair of ordered upper and lower solutions (u,?) and (@, ?), we set
S1 = {ueC(0,1]x1[0,7)):u<u<u},
S: = {ve(0,1]x[0.T):5<v <7},
S1 xSy = {(u,v) € C([0,1] x [0,T7)) x C([0,1] x [0,T)) : (W, ?) < (u,v) < (w,v)}.
Let
filz,tyu(x,t)) = (1—o(x, ) P, g1(x, t,v(x,t) = (1 —v(z, t) "9,
Ll tu(@,t) = (1 —u(z,t)™", g2z, t,u(z,t) = (1 - u(x,1))"*.

Throughout this section, we make the following hypothesis on the above functions in problem (1.1):

(H,)-(i) The functions fi(x,t,.), fa(z,t,.) are in C**/2([0,1] x [0,7T)) and g1(,t,.), ga(z,t,.) are in
ClHe(+a)/2({1} x (0,7)).

(Hy)-(ii) Let fi(.,v) and g1(.,v) be C!-functions of v for v € Sy, and fo(.,u) and go(.,u) be C!-

functions of u for v € S7. Also,

(f1), (z,t,v) > 0 for v € Sy, (x,t) € [0,1] x [0,T),
(f2), (x,t,u) >0 for u € Sy, (z,t) € [0,1] x [0,T), 9.1
(91), (z,t,v) > 0 for v € Sy, (x,t) € {1} x (0,7, (2.1)
(92), (z,t,u) >0 for v € Sy, (z,t) € {1} x (0,T).

Condition (2.1) implies that fi(.,v),g1(.,v) are nondecreasing in v and fa(.,u), g2(.,u) are nondecreasing in

u, which is crucial for the construction of monotone sequences.
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Next, we are going to construct monotone sequences of functions that give the estimation of the solution
(u,v) of problem (1.1). Specifically, by starting from any initial iteration (uo, vo) we can construct a sequence

{u® v*)} from the linear iteration process

uik) ult) = fi(z,t,o* ), 0<2z<1,0<t < T,
(k) vg(c];) = fo(z, t,u* V), 0<2<1,0<t <T,
”“(o =0, u(1,8) = g1 (1, 6,0 D), 0<t < T, (2.2)
v0,6) =0, v (1,8) = ga(1,t,u* D), 0 <t < T,

u®) (z,0) = ug(x), v (x,0) = vo(z),0 < z < 1.

It is clear that the sequence governed by (2.2) is well defined and can be obtained by solving a linear initial
boundary value problem. Starting from initial iteration (u’,v°) = (@,?) and (u®,v°) = (@,?), we define two

sequences of the functions {E(k),v(k)} and {g(k),y(k)} for kK = 1,2,... and refer to them as maximal and

minimal sequences, respectively, where those functions solve the above linear problem.

Lemma 2. The sequences {ﬂ(k),ﬂ(k)} , {g(k),y(k)} possess the monotone property

(@,0) < <g(k)’y(k)) < (g(k+1)7g(k+1)) < (H(kﬂ)j(kﬂ)) < (E(k) (k)) (@,7)
for (z,t) € [0,1] x [0,T) and every k =1,2,....
Proof Let p=u—a" and A\ =7 — 7" . From (2.2) and Definition 2, we get

Wt — Moy = Up — Uz — f1(x,8,0) >0, 0<z <1, 0<t<T,
At — Mg = V¢ — Uy — fo(x,t,u) >0, 0<2 <1, 0<t<T,

( )_07 Mw(l t) um( ) (1t5)>0,0<t<T,
(,)—0, Az (1, )=vx(1t) gz(l,tu)>0,0<t<T,
(:c,O)fu(:c,O) o(z) >0, A(z,0) =0(z,0) —vp(z) >0, 0<z<1.

From the Maximum Principle and Hopf’s lemma for parabolic equations, we get p, A > 0 for (z,t) € [0,1] x
[0,7), ie. @M <@ and 7)) < . Similarly, using the property of a lower solution, we obtain u(!) > @ and
y(l) Z a.
Let M =aM — 4™ and X =71 — (D From (2.1) and (2.2), we get
/L() ,um fi(z,t,0) — fi(z,t,0) >0, 0<ax <1, 0<t<T,
AD A = f(2,4,T) — folz,t, @) >0, 0<z <1, 0<t<T,
<1> 0,8) =0, p (1,8) = g:(1,,0) — g1 (1,£,3) > 0, 0 < ¢ < T,
&)ﬂﬂ—owﬁWLﬂ=mﬂ¢ﬂ%wﬂLmD2Q0<t<ﬂ
p (2,0) = ug (z) — up () =0, AV (2,0) =vg () —vg (2) =0, 0 <2 < 1.

From the Maximum Principle and Hopf’s lemma for parabolic equations, we get p() A1) > 0 for (x,t) €

[0,1] x [0,7), i.e. u™™ <T@ and v <71, Therefore,

@0) < (u,20) < (@0.20) < @)
for (z,t) €[0,1] x [0,T).
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Assume that

(gw—l)’y(k—l)) < @(k)’y(k)) < (ﬂw)j(k)) < @(k—l),@(k—l))

for (z,t) € [0,1] x [0,T) and for some integer k > 1. Let u®) =7*) —
(2.1) and (2.2), we get
k
) = ) = fi(w,t,v¢Y) -
)\(k) )\(k) fala, t, k= 1))

(k) (0 t) - 0 u(k) (1’t) = gl(l’tvv(k‘fl))
A&k) 0,8) = 0, A (1,4) = go(1, ¢, 7*D)
#(k) (z,0) =0, AR) (£,0)=0, 0<z < L.

TR+ and AR = (k) _ 5(k+1)

From

fi(z,t,7%)) >0, 0<z <1, 0<t<T,
folz,t,a™) >0, 0<z <1, 0<t<T,
—g(1,t, 7)) >0, 0 <t < T,
—gpta®) >0, 0<t < T,

From the Maximum Principle and Hopf’s lemma for parabolic equations, we get u*) A*) > 0 for (z,t) €
)

[0,1] x
7k+1) > Q(k-i-l) and okt > y(k-i-l).

[0,T7), ie. a®*+t) <g*) and 7D < ) A similar argument gives u(Ft1) > %)

Pk > (b

)

Therefore, from the mathematical induction, the result follows. O

Lemma 2 For each positive integer k, (ﬂ(k)ﬁ(k)) is an upper solution, (y(k),y(k)) is a lower solution, and

u® <7" and v® <T*) for (x,t) € [0,1] x [0,T).

Proof From (2.1),(2.2), and Lemma 2, (z®,7(®) satisfies

a” —aly) = fi(e,t, 75 D) = fi(e, t,0ED) = fi(e, ,00) + fo(e, t,00) > fi(,t,50),
") — 05 = folw, t,8%7Y) = fola,t,u% D) — folw, t,80) + folw,t, 7)) > folw,t,aV),
s " 0,t) = 0,08 )(0 t) =0,
ﬂ&’“)u,t) = g1(L,t, 7% D) = g1 (1,£,507V) — g1 (1,£,50) + g1 (1,£,7%) > g1 (1,,5V)
70 (1,0) = g2(1,£, 7% D) = go (1, 4,75 V) — go(1,1,7™) + 2(1,t7u(k)) > 2(1,t7u(k))
U(k)(l',O) ( )7'0( )(.’E,O)—UO( )70§x§1a
and (g(k),y(k)) satisfies
uz(fk) - u’(ET fl(x t U(k 1)) fl(x7t7y(k_1)) - fl(x7t7y(k)) +f1(l‘,t,y(k)) < fl(l‘,t,y(k)),
ol — o) = fola, t,uh V) = fo(w, t,u® D) = fola, t,u®)) + fol, t,u®)) < fo(a,t,u®),
u(0,1) = 0,08 (0,1) =0,
(k)(l’t) =g1(L,t,0% V) = g1 (1, ¢, V) — g1 (1,£,0) + g1 (1, ¢,0%)) < g1 (1,¢,00)
92(17t7g(k)) + 92(1;t7@(k)) S 92(1;t7g(k))

(k)<1at) = go (1, t,u* V) = go(1, ¢, ulF=1)) —
u(k)(ﬂc,O) uo(x ),y( )(x,O)—vo( ),0<x < 1.

From Lemma 2 and the above inequalities, the functions (ﬂ(k),@(k)) and (g(k),g(k)) are ordered upper and

lower solutions of problem (2.2).

O

We have the following existence theorem for problem (1.1) via Lemma 2 and Lemma 3.

Theorem 1 Let (u,v),(u,v

(H1) hold. Then the sequences {H(k),ﬁ(k)} and {y(k),y(’“)

} are given by problem (2.2) with (uo,vo)

) be a pair of ordered upper and lower solutions of problem (1.1), and let hypothesis

= (ﬂ, 5)
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and (u°,v") = (4,0) converge monotonically to a mazimal solution (u,v) and a minimal solution (u,v) of

problem (1.1), respectively. Furthermore,

(@,0) < (y(k)’y(k)) < <g(k+1)7y(k+1)> < (u,0) < (@,7) < (ﬂ(kﬂ)j(kﬂ)) < <ﬂ(k)j(z~c)> < (a@,7) (2.3)

for (z,t) € [0,1] x [0,T) and each positive integer k. Furthermore, (u,v) = (4,7) (= (u*,v*)), and then
(u*,v*) is the unique solution of problem (1.1) in Sy x Ss.
Proof The pointwise limits

lim (a<k>(x,t),@<k>(x,t)) = (a(z, 1), 0(z,1)), lim (g(k)(%t),y(k)(x,t)) = (u(z, 1), v(z, 1))

k—o0 T koo

exist and satisfy relation (2.3). Indeed, the sequence {H(’“),ﬁ(k)} is monotone nonincreasing, which is bounded
from below, while the sequence {g(k), y(k)} is monotone nondecreasing and is bounded from Lemma 2.

Let © = w(z,t) — u(z,t) and ¥ = v(z,t) — v(x,t). From (2.3), we have u(z,t) < w(z,t) and
v(z,t) <v(z,t) for (z,t) €[0,1] x [0,T). Then O(z,t) and ¥(z,t) satisfy

,6L0),0<z<1,0<t<T,

— t,u),0<zr<1,0<t<T,
0,(0,t)=0,9,(0,t) =0,0<t < T,
0, (1,t) = g1(1,t,v) — g1(1,£,2),0 < t < T,
v, (]-7 ):92(13157@)7.92(13157%)70<t<T7
O (z,0)=0,¥(x,0)=0,0<z <1

By using Lemma 1(a) and Lemma 4(a), © > 0 and ¥ > 0 for (z,t) € [0,1] x [0,T), i.e. u(z,t) > u(x,t)
and v(z,t) > U(x,t). Then we get u(x,t) =u(z,t) and v(z,t) = v(z,t).

If (u*,v*) is any other solution in S; x Sa, then we get from Lemma 3,

S|
\%
<

*
o
=)
o.
S
\%
S
. *

and

in [0,1] x [0, 7). This implies that

and hence (u*,v*) is the unique solution of the problem (1.1). O

3. Finite time quenching
Throughout this section and the next section, we also assume that the initial function (ug,vo) satisfies the
following inequalities:

ug () + (1= vo()) ™™ =0 (#0),

vy (z) + (1 —up(x)) " >0 (#£0), (3.1)
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ugp(z) > 0,v4(x) > 0. (3.2)

Remark 1. We assume that conditions (3.1) and (3.2) are proper. Namely, we can easily construct such initial
functions ug(z) = u(x,0),ve(x) = v(x,0) satisfying (3.1) — (3.2) and compatibility conditions. For example,
for py #p2 and ¢1 = 1,92 = 2, ug(x) = %sr:‘l,vo(x) = %338 satisfies compatibility conditions and (3.1) — (3.2).

Remark 2. If (ug,vo) satisfies (3.2), then we get uy(z,t),v:(x,t) > 0 in (0,1] x (0,7) by the maximum

principle. Thus, we get u(1,t) = Orélaglu(x,t) and v(1,t) = Oglaiclv(x,t).

Lemma 4. We assume that (ug,vo) satisfies (3.1). Then we get:

(a) ug(z,t),ve(x,t) >0 in [0,1] x [0,7T),

(b) ui(z,t),ve(z,t) >0 in (0,1) x [0,7T).
Proof (a) Since ufj(z) + (1 —vo(z))™ " >0 and v{(x) + (1 —ug(x)) " >0 in (0,1), uf (0) =0, uj (1) =
(1 —w(1))~ 2, v (0) =0, v} (1) = (1 —up(l))~ 2, it follows that (ug(z),ve(z)) is a lower solution of problem

(1.1). The strong maximum principle implies that
u(z,t) > up(x),v(x,t) > vo(x) in (0,1) x (0, 7).

The proof is given by utilizing Lemma 2.1 in [6]. Let © = u(z,t+ h) —u(x,t) and ¥ = v(x,t+ h) —v(x,t) for
(x,t) €[0,1) x [0,T — h). Then O(x,t) satisfies

O, =0u+p (1=B) "', 0<a<1, 0<t<T—h,

0, (0,t) =0, O, (1,t) = q1(1 — Bo(1,8)) 1 W(1,¢), 0 <t <T — h,

O (x,0) =u(z,h) —u(x,0) >0, 0 <z <1,
where 1 (z,t) and f2(1,t) lie, respectively, between v(x,t+h) and v(x,t), and between v(1,t+h) and v(1,t).
Similarly, ¥(z,t) satisfies

U, =V 4+p(1-6)77'0, 0<z<1,0<t<T—h,

U, (0,t) =0, W, (1,t) = go(1 — &(1,8))"2"1O(1,t), 0 <t < T — h,

U (z,0) =v(z,h) —v(z,0) >0, 0 <z <1,
where &1(x,t) and & (1,t) lie, respectively, between u(z,t+h) and u(x,t), and between w(1,t+h) and u(1,¢).

For any fixed 7 € (0,7 — h), we will show that ¥ > 0 and © >0 for 0 <z <1 and 0 <t < 7. For

contradiction, we assume that © has a negative minimum in [0, 1] x [0, 7] and ming 1jxjo,-] © < minjg 1jx[0,-] ¥-

Let O(z,t) = e Mt=L2*Q(z,t) and U(z,t) = e~ Mt=L2"Y(z, 1), where

0<t<r

L = max (;ql(l—ﬁg(l,t))ml),

_ 2 _ —p1—1 _ —p2—1
Moo= LAl max (pr(L- ) ") 4 mas (p (1= 6 ) ).

Then © and U satisfy
O; = Opy +4L20, + (2L + 4L%2 — M)O + py (1 — By (x,t)) 1 0,
I<zr<l,0<t<T,

Uy = U,y +4LaU, + (2L + 4L%22 — M)W + py (1 — &4 (2, 1)) 727" O,
I<zr<l,0<t<T.
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Since © > —§ and ¥ > —§ on the boundary ([0, 1] x {0}) U ({0,1} x (0,7]), where —4 := mingg 1] [o,] 0 <0,
it follows from the strong maximum principle for weakly coupled parabolic systems (cf. Theorem 15 of chapter
3 in [14]) that © cannot assume its negative minimum in the interior. Hence, ©® > —§ in (0,1) x (0,7]. Let
(20,t0) be a minimum point on the boundary {0,1} x (0,7]. Since ©,(0,t) < 0,0 < t < 7, the same strong

maximum principle implies that 2o = 1 and O, (z¢,ty) < 0. However,
O.(1,t0) = (q1(1 = Ba(1,t0)) """ = 2L)0 = — (g1 (1 — Ba(1,10)) "~ —2L)§ > 0,

which is a contradiction. Then, we obtain that © >0 and ¥ > 0 in [0,1] x [0,7]. As h — 0, us(z,t) > 0 and
ve(x,t) >0 in [0,1] x [0,T).

(b) For any (&,7) € (0,1) x (0,T), there exists a subset [z1,x2] X [t1,t2] of (0,1) x (0,7") such that
(&,n) € [m1,m2] X [t1,t2]. Define H = ug, K = v; in [z1, 2] X [t1,t2]. We can obtain

Ht — me = pl(]- — ’U)_pl_lK in ((El,.’bg) X (tl,t2)7
Ki—Kpe = po(1—u)"P2" Hin (21,22) x (t1,12),
H,K > 0Oon [l‘hl‘g]X[tl,tQ].

The strong maximum principle implies that either H, K >0 or H, K =0 in (z1,22) X (t1,t2). Since H, K =0
contradicts the fact that w(z,t) and v(z,t) is strictly increasing ¢, therefore, u;,v; > 0. Because (§,n) is
arbitrary in (0,1) x (0,7T), we have uz,v; > 0 in (0,1) x (0,7). O

Theorem 2 If (ug,vg) satisfies (3.1), then there exists a finite time T, such that the solution (u,v) of problem
(1.1) quenches at time T.

Proof Assume that (ug,vg) satisfies (3.1). Then there exist

w = (1—uv(1,0)"® +/0 (1= v (2,0) " do > 0,
wy = (1—u(1,0))_qz+/0 (1—wu(z,0)) " dz > 0.

Define my (t) = fol (1 —wu(x,t))dr and ms (t) = fol (1—wv(z,t))dz,0 <t <T.Then

s
gy
=
S~—"
I

A —w (L) - / (1= v (2,8) ™ de < —wi,

—(1—u(1,t)"* —/0 (1—u(z,t) P de < —wo,

3
G
—

=
=

[

by Lemma 4(a). Thus, m; (t) < m1(0) — w1t and ma (t) < mo(0) — wet, which means that my (Tp) = 0 or

ms (Ty) = 0 for some Ty = min("2®Q m20)) (o < 7 < T3)). Then (u,v) quenches in finite time. o

w1 ’ w2

Theorem 3 If (ug,vg) satisfies (3.2), then © =1 is the only quenching point.

174



SELCUK/Turk J Math

Proof Define
J(x,t) =uz —e(x—(1—n)) in [l —n,1] x[r,T),

where n € (0,1),7 € (0,T) and ¢ is a positive constant to be specified later. Then J(z,t) satisfies
Ji=Jox =p1(1—0) "o, > 0in (1—-n,1) x (1,7T),

since v, (x,t) > 0 in (0,1] x (0,7). Thus, J(z,t) cannot attain a negative interior minimum by the maximum
principle. Further, if ¢ is small enough, J(z,7) > 0 since u,(z,t) > 0 in (0,1] x (0,7). Furthermore, if £ is
small enough,

J(1—nt) = wuy(1—mn,t) >0,
J(1,t) = (1—-ovl,t) " —en>1—en>0,

for t € (r,7). By the maximum principle, we obtain that J(z,t) > 0, ie. wu, > e(z—(1—n)) for
(x,t) € [1 =n,1] x [1,T). Integrating with respect to = from 1 — 17 to 1, we have

2 2
u(l —n,t) <u(1,t)—% < 1—%.

Thus, u does not quench in [0, 1). Similarly, we show that v does not quench in [0, 1). The theorem is proved. O

Theorem 4 (ug,v) blows up at the quenching time.

Proof We will prove that (u¢,v:) blows up at quenching, as in [3]. Suppose that u; and v; are bounded on

[0,1] x [0,T). Then there exist positive constants M; and M such that u; < My and vy < My. We have
Uz + (1 —0) P < My = uge < My,
Ve + (1 —u) ™ < My = vy < Ms.

Integrating this twice with respect to = from x to 1, and then from 0 to 1, we have

(1- v(11,t))q1 < % +u(1,t) —u(0,t),
(1- u(ll t))4e < % +o(1,t) —v(0,1).

As t — T, the left-hand side tends to infinity, while the right-hand side is finite. This contradiction shows

that (ut,v:) blows up somewhere. O

Lemma 3 (a) If p1 > pa, ¢1 > g2 and up(z) > vo(x) for x € [0,1], then u(x,t) > v(z,t) in [0,1] x (0,T),
(b) If p2 > p1, @2 > q1 and vo(z) > uo(z) for x €[0,1], then v(x,t) > u(x,t) in [0,1] x (0,T).
Proof (a) Define M(x,t) =uw—wv in [0,1] x [0,T). Then M(z,t) satisfies

My~ My, = (1—v)™" —(1—u)"?

I-v)™ —1-uw)™+(1—u)™ —(1—u)™P
> *101(1 - ﬂ1)7p171M7 (0’1) X [OvT)’
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where f1(z,t) lies between u(z,t) and v(x,t) and p; > po. Thus, M(z,t) cannot attain a negative interior

minimum by the maximum principle. Further, M (x,0) > 0 since ug > vp for x € (0,1). Furthermore,

M, (0,1) 0, te(0,7),
(1 =o(1,8)"" = (1 —u(l,1)""
(1 =o(,8)™" = (1 =u(l,0))"" + (1 —u(1,1))"" = (1 —u(l,))"*

Z —Q1(1 - ﬁ2(17t))7q171M7 te (07T)a

M, (1,¢)

where f2(1,t) lies between u(1,t) and v(1,t) and ¢; > g2. By the maximum principle and Hopf’s lemma for
parabolic equation, we obtain that M (z,t) >0 in [0,1] x [0,T), i.e. u(z,t) > v(z,¢) in [0,1] x [0,T).
(b) Similarly, we get v(z,t) > u(x,t) in [0,1] x (0,7T) since vo(z) > ug(z),p2 > p1, and g2 > ¢q1. O

Corollary 1 From the statement of problem (1.1), we show that

if lim v(1,¢) 1, then lim u.(1,t) = oo,
t—T~ t—T~

if lim w(1,t) = 1, then lim v(1,t) = oo.
t—T— t—T—

Assume that (ug,v) satisfies (3.1)—(3.2). We can obtain the following results from Theorems 2-4 and Lemma
5:
(a) If g2 > q1, p2 > p1 and vo(x) > up(x) for x € [0,1] then the only quenching point is x = 1, v

—T—

quenches ( lim v(1,t) = 1) , and u; blows up ( lim . (1,¢) = oo> at the quenching time T .
t t—T—
(b) If g1 > g2, p1 > p2 and up(x) > vo(x) for x € [0,1] then the only quenching point is x = 1, u

quenches ( lim u(1,t) = 1) , and vy blows up < lim v (1,t) = oo) at the quenching time T'.
t—=T— t—=T~

4 1.8

Remark 1 If we select ps > p1, 1 =1, ¢ =2 and wup(x) = %x ,v0(v) = 52° as in Remark 1, then we get

limo(1,¢) = 1 and lim w(1,¢) = co at the quenching time T from Corollary 1(a).
t—T~

t—T

4. Bounds for the quenching time

In this section, we assume that

1

N
o
8
~—
\Y
=
-
\
<
o
—
8
S~—"
IA
IA

, (4.1)

x
xT

—aq1

,0
—q2

,0

4
oS~
5
~
v
=
—
I
<
o
8
~
~
IN
IN

1. (4.2)

Theorem 5 If (up,vo) satisfies (3.1) — (3.2) and (4.1) — (4.2), then there exist positive constants C1 and Cy
such that

uw(l,t) > 1—Cy(T - t)l/(2q1+2)7

v(l,t) > 1—CoT — t)l/(2q2+2)’

for t sufficiently close to T'.
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Proof Define Ji(z,t) = uy — (1 —v)~ " and Ja(z,t) = v, — (1 —w)~® in [0,1] x [0,7). Then J(z,t)
satisfies

(J1), = (J1),y — 1 (L =0) "y = pi(1 =) P o, + g1 (1 —v) " o, + qi (g + V(1 —v) "0 202

since vy > 0, Ji(x,t) cannot attain a negative interior minimum. On the other hand, Ji(z,0) > 0 by (4.1)

and
Jl(oat) = 07 Jl(]-vt) = 0;

for t € (0,7T). By the maximum principle, we obtain that Ji(z,t) > 0 for (z,t) € [0,1] x [0,T). Therefore,

(J1)p (1,8) = lim A0 - i(l =L h%gM <0.
Thus, we get
(J1), (L,t) = uge(1,t) — (1 —v(1,t)) " —qu (1 — v(1,8) 711 — u(1,t) %
= u(,t) = (1= o(1,1) ™ — (1= o(1,1) ™ — qu(1 = v(1,6) """ (1 —u(1,5))™* <0
and

ur(1,6) < (24 @) (1 = v(1,1) " (1 —u(1,8) 7",

where ¢; > p1, and using Lemma 5(a),

(1—o(l,t) 271 < (1 —u(l,t) 271

(I—wu(lt) ™ < (1—u(lt)™®
since p; > pa, q1 > g2 and ug(x) > vo(x). Thus, we get
ur(1,8) < (2+ @) (1 = u(1, )70~
Integrating for ¢ from ¢ to T we get
u(1,t) > 1 — C (T — 1)/ Cn+2) (4.3)

where C; = [2(q1 + 1)(q1 + 2)]1/(2q1+2).
From ¢ > ps, Lemma 5(b), and (4.2), if we follow the above process, then we get

v(1,t) > 1 — Cy(T — t)Y/ Ra+2) (4.4)

where Cp = [2(g2 +1)(g2 + 2)]1/(2q2+2). The theorem is proved. O

Corollary 2 If we put t =0 in (4.3) and (4.4), then we get following results:

(a) if 1 > p1 > P2, @1 > q2, and ug(x) > wvo(x), then a lower bound for the quenching time is
(1 —uo(1))*2*2/2(q1 + 1) (g1 +2),

(b) if @2 > p2 > p1, g2 > q1, and vo(x) > ug(x), then a lower bound for the quenching time is
(1 —0(1))%%=*+2/2(gz2 + 1) (g2 +2).
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Remark 2 From Theorem 5 and Corollary 2, if we choose p1 < po < 2, g1 = 1,¢0 = 2 and wug(z) =

sa,vo(x) = 12% as in Remark 1, then we get limv(1,t) — 1 and limu; — oo at the quenching time T’ = 5155
t—T t—T

as in Remark 3.

Theorem 6 If min,¢jo 1) uo(xz) = c1, mingepo,1]vo(x) = c2, and (ug,vo) satisfies (3.1) —(3.2), then we get the
following results:

(a) if p2 > p1 and ca > c1, then an upper bound for the quenching time is (1 —cy)P*™1/(py +1).

(b) if p1 > po and ¢y > co, then an upper bound for the quenching time is (1 — c2)P2H1/(py +1).

Proof We consider the following problem to construct lower solutions:

Mt = Pz + (1 - /\)_plv/\t = AII + (1 - M)_p2’ (Ji,t) S (07 1) X (OvT)’
.ur(ovt) = /\I( 7t = H‘T(Lt) = )‘T(Lt) = Oat € ( aT)v
w(z,0) = ug(z), AM(z,0) = vo(x),z € [0,1]

1 —X(t))"P* for t > 0 and u(0) = c1,

1— p(t))7P for t > 0 and A(0) = ca, (4.5)

d
{1
dt
where ¢; = m[(i)nl]uo(a:) and ¢y = m[(i)nl]vo(m). Here, p;(t) = pea(t) = 0, Az(t) = Agz(t) = 0 and p(0) <
z€|0, z€|0,
uo(x), A(0) < wo(x) on [0,1].
Similar to Lemma 5, if we select co = A(0) > u(0) = ¢; and ps > py1, then we easily get A(t) > p(t) in

[0,T"), and if we select ¢ = pu(0) > A(0) = c2 and p; > pa, then we get p(t) > A(t) in [0,T"), respectively.

—~
~
~—
Il
—~~

Quenching of (4.5) occurs since lim 1 (1 —p) P2 = oo (A¢ blow-up) and lim y—1— (1 —X)7P* = oo (1
blow-up). Since function (u, ) does not depend on x the quenching set is [0,1].
Thus, if we select ca = A(0) > u(0) = ¢; and p2 > p1, then we get

pr =1 =X = (1—p)~"
Therefore, integrating for ¢ from ¢ to T" we get an upper bound for the quenching time of
T<(1—c)" /(p+1),
and if we select ¢; = p(0) > A(0) = ¢o and p; > py, then we get
M= (1= p)™ > (1— )7,
Thus, integrating for ¢ from ¢ to T we get an upper bound for the quenching time of
T <(1—c)P2/(py +1).

The theorem is proved. O

Remark 3 From Theorem 6, if we choose p1 < ps and ug(z) = %m‘l, vo(x) = %xs as in Remark 1, then we get

tlirr%fv(l,t) — 1 and tlin%ut — oo at the quenching time T' < 1/(p; + 1) as in Remark 3.
— —
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Theorem 7 If qi1,q2 < 1(# 1), mingep,1juo(z) = c1, mingejvo(r) = c2, a = (1 —q1)/(1 — q1¢2),
B8 =(1-q)/(1—-qq), 6 < min(a/2,8/2) and (ug,vo) satisfies (3.1) — (3.2), then an upper bound for

the quenching time is

T< max{(l —e)V/8, (1 —02)1/5/(5}.

Proof Let min,cp,1juo(®) = c1 and min,¢jo,1) vo(z) = c2. Define

plzt) = 1—(6(1—a®+7—1¢)" in[0,1] x [0,7],

Mat) = 1= (1—22+7-1)" in[0,1] x [0,7],

where a = (1-01)/(1=q142), B = (1-¢2)/(1=q1¢2), 6 < min(a/2,5/2), 7= max {(1 - e1)"/*/6,(1 — 2)"/7/5}.

We have
pt — o = —50(((5(1—:52—1—7—1&))&71+4(52x2a(a—1)(5(1—1’24—7—1&))&72SO,
M=Aw = =080 —22+7-1)" 4452288 -1) (5 (1—22+7—1))" " <0,

for z € (0,1),t € (0,7]. Further,

pa(0,8) = 0, p0(1,) < (1= A(L,2))"7,
A(0,8) = 0,2 (1,8) < (1— p(l,8)7%,
for t € (0,7]. Furthermore,
p(@,0) = 1—(6(1—2"+7))" <1—(0n)* =c1,
Mz,0) = 1-(0(1-22+7)" <1- (67 = e,

for x € [0,1]. Thus, (u(x,t), A(z,t)) is a lower solution of problem (1.1). In addition, at ¢t =7 and = =1, we
get
w(l,7)y=1or A(1,7) = 1.

Hence, we have
w(l,7) > p(l,7)=1orov(l,7) > A1,7)=1

by Lemma 5(a). Thus, z =1 is a quenching point. Also, we get
T<r= max{(l —e)Vess (1 — cz)l/ﬂ/a} .

The theorem is proved. g
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