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Abstract

This paper studies robustness of a gradient-type CDMA uplink power control algorithm with respect
to disturbances and time-delays. This problem is of practical importance because unmodeled secondary
interference effects from neighboring cells play the role of disturbances, and propagation delays are
ubiquitous in wireless data networks. We first show Ly -stability, for p € [1,00], with respect to additive
disturbances. We pursue Lo -stability within the input-to-state stability (ISS) framework of Sontag [7],
which makes explicit the vanishing effect of the initial conditions. Next, using the ISS property and a loop
transformation, we prove that global asymptotic stability is preserved for sufficiently small time-delays in
forward and return channels. For larger delays, we achieve global asymptotic stability by scaling down

the step-size in the gradient algorithm.

1. Introduction

In wireless communication networks, power must be regulated to maintain a satisfactory quality of service
for users, and power control has been a significant research topic [1, 2, 3, 4, 5]. Increased power ensures
longer transmission distance and higher data transfer rate, but it also consumes battery and produces greater
amount of interference to neighboring users. In code division multiple access (CDMA) systems, this problem
has been studied as an optimization problem, where the i*" user minimizes its power p;, while maximizing

the signal-to-interference ratio (SIR) at the base station,

(p) = Lh;p;
ki

(1)

where L is the spreading gain of the CDMA system, h; is the channel gain between the i*" mobile and
the base station, and o? is the noise variance containing the contribution of the secondary background
interference. To regulate the power of each user, Deb et al. [1], Zander [2], and Yates [3], pose the constrained

optimization problem,
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min p; subject to ~; (p) > i, (2)

(2

tar
%

where is a threshold chosen to ensure adequate quality of service. An alternative noncooperative

game-theoretic formulation is given by Alpcan et al. [5], [4], in which each user tries to maximize

max; J; = U; (vi (p)) — Pi (pi) (3)

where Uj is a utility function for the i*" user, which represents the demand for bandwidth, and P; represents

the cost of power. The authors then propose the gradient-type power control law

dJ; dU;  LXih 3. 48 (i)

“Op dvi S hapr+o2 O dp
ki

Di = — A >0, (4)

and prove asymptotic stability of the Nash equilibrium under several assumptions on the functions U; (+)
and P; (-), and on the number of users.

In this paper, we study the robustness of this control law against additive disturbances and time-delays.
This study is important because of modelling errors, power noise, secondary interference effects, such as those
from neighboring cells, and propagation delays. Our starting point is a passivity-based stability proof for
the algorithm (4), presented in our recent paper [6]. Using the Lyapunov functions obtained from this
passivity analysis, in this paper we first show that the controller (4) is robust to additive Lp-disturbances.
In particular, Ly -disturbances are pursued here within the input-to state stability (ISS) framework of Sontag
[7], which makes explicit the vanishing effect of initial conditions. We then proceed to the study of delays
using this ISS property. We first represent the delayed system as a feedback interconnection of the nominal
delay-free model, and a perturbation block, the ISS-gain of which depends on the amount of delay. Then we
prove global asymptotic stability (GAS) for sufficiently small delays using the ISS Small-Gain Theorem of
Teel et al. [8], [9]. For larger delays, we achieve GAS by scaling down the stepsize ;.

The paper is organized as follows. Section 2 reviews the first-order gradient power control algorithm
and proves an Lp-stability property with respect to additive disturbances. Section 3 derives bounds for
time-delays that the system can tolerate without losing stability. For larger delays, it proposes a scaling of
the step-size A; in (4). Conclusions are given in Section 4. Throughout the paper, we will use projection
functions to ensure nonnegative values for physical quantities, such as power. Given a function f (x), its

positive projection is defined as

[ f(@) ifx>0,orx=0and f(z)>0
(f(x)):—{ 0 ifx=0and f(z) <0.

If 2 and f(x) are vectors, then (f(x))) is interpreted in the component-wise sense. When (f (z)); =0,

we say that the projection is active. When (f (95));Ir = f(x), we say that the projection is inactive. We

denote by |[z|| the vector norm of x, and by |lz||, ~the Lp-norm of z(t), p € [I,00]. For d € Lo, we

define ||d||, = tlim sup||d (t)||. A system & = f(x,u) is said to be input-to state stable (ISS) if there exist
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class- K functions' 7 (-) and « () such that, for any input u(-) € L and xo € R", the response z (t)

from the initial state x (0) = x( satisfies

2/l <50 (lzol) + (lullL) s lella < v (lull,)-

2. Robustness to Disturbances
We first review the stability properties of the gradient-type power control law (4). As shown in Alpcan et
al. [4], [5], the following assumption ensures that a unique Nash equilibrium p* exists for the game (3).

Standing Assumption: The function P;(-) in (3) is twice continuously differentiable, nondecreasing,

and strictly convex in p;, i.e.,

IP; (pi) 9°P; (pi)
95 5 LR gy, 5
o 2O o >0, Vp (5)
and
Ui (i) = uilog (vi + L), (6)

where u; s a constant, and v; and L are as in (1).

The choice of the logarithmic utility function in (6) is meaningful because it represents the maximum

achievable bandwidth as in Shannon’s Theorem [10]. Substituting this U; (7;) in (4) and adding projection

();: to ensure positivity of p;, we obtain

+

dp; > hipr + 02
%

Di

Note that in this derivation, the term Y hxpr + 02 in (4) has been cancelled by the derivative of the
ki

logarithmic U;, and replaced by > hgpr +0%. This means that we can represent (7) as in Figure 1, in
k

which the diagonal entries ¥; of the forward block are given by

(2

dP; (pi *
Y Pi=<—)\i d(p)-i-ui)\iwi) ;oi=1,--, M, (8)

' Di

where

w:=—h-q, 9)

LA function v (-) is defined to be class- K if it is continuous, zero at zero, and strictly increasing.
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hi=[hi he he |7, (10)
1

q =<P(y)=—y+—02» (11)

y:=hTp. (12)

In this representation the forward block corresponds to the mobiles and the feedback path corresponds to
the base station. Stability of the equilibrium p* is proved in [6], using passivity properties of both the
feedforward and feedback paths:

Z1
w b p
» 2
il ZM
h hT
A
q _ 1 y
(/)(y) T y+0'2 i

Figure 1. First-order gradient algorithm of CDMA power control.

Proposition 1 The equilibrium p = p* of the feedback system (8)-(12), represented as in Figure 1, is
globally asymptotically stable.

With this representation, we are now ready to show L, and input-to-state stability of the power
control algorithm (7) with respect to additive disturbances, such as secondary interference effects from
neighboring cells. Denoting by dy; and do; disturbances acting on the i*" mobile, we replace (7) with the

perturbed model,

i)\i hi sz i
u 5, 4 P0)

- dy; , 13
> hipr +do; + 02 dp; T (13)
%

Di =

and prove an Ly -stability property (p € [1,c0]):
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Theorem 1 Consider the power control system (13), where P; (p;) satisfies, for all p; >0, i=1,2,---M,

9?P; (pi)
oz

where 1 is a positive constant. If di = [d11,d12,---dim] and do = [do1,da2, - -dam] are Ly -disturbances,

p =[1,00), then (13) guarantees

« = _1 1 12 = _1
Ip— I, < A (op) p\/gm@i(m—pi) +VBaA (arg) ¥ 1], (14)
where

UAD u)\h

@ =max {u;}, u=min{u;}, A =max{\;}, A = min{)\;}, h = max{h;}, h = min{h;} (16)

and q and p are complementary indices, that is

pltq =1 (17)

When p = oo, the system satisfies the ISS estimate

- 1 A
A E uAe-“\/Z 00 -+ P gl (18)

i

Proof: The derivative of the storage function

Vilp-p) =5 3 (i )’ (19)

along the solution of (13) is

We first note that

dP; (p;)
Pi

+
1 dP; (p;
+ us Aw; + du) < (i — py) <_)\i 7 (p:) + us Ajw; + du) )
) i Di
i

Y (pi — p}) <_)\i
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which follows because, if the projection is inactive then both sides of the inequality are equal, and if the

projection is active, p; = 0 and

hand side is non-negative. By adding and subtracting u;\;w; and usAihy

> hkpr+o?”
%

—)\id%sz_”) + u;\jw; + dy; < 0, then the left hand side is zero, and the right

we obtain

1 dP; (p; Yy
<Yt i) | N 4w — widw] il
i S—— S—— &
ar(p)  _widihe
)\id—pi %hkpz+52

uiNih

_ (pi—p7) sz (Pz) sz (Pz (pi—p7) iXihi __uidihg
- Zz: uq + + zz: ui; > hipr+o? > hipj+o?
% %

E hiprtdzi+o2

(pi—p7) _ wilih:
+ Z ’U,i)\»; E h’;cpzk"lz‘o'z
3 k

:Z(pi—pi)( sz(Pz)_i_dPi(p:))_i_( 1

dpi y+o?

+ Z ui1>\i (pi

— ) U= v)

—p;i)du;

—p;) dui.

(2

1 1 * 1
+2 (E Frpetdaito 5 hkpk+az> hi (pi = p7) + 22 sy (i
(3 k k

Since (ﬁ — y-lr;az) (y—y*) <0 and P/ > n, we obtain

I /\

Zi: ( *)2+Zu1)\ (pz

< -Ip—p*|? + uAHp pl\l\d1|\+ZU4 Idzzllpz il
< 9BV | T T 4, + VIR VT ||dy
g—2av+2ﬁ\/_

which, from [11, Theorem 6.1], implies that

and

7] < e

V7o + 5

Inequality (14) and (18) then follows from (22), (23), and

S 1Bl -

lp ="l < V2 [[W (¢)].

3. Robustness to Time-Delays

pl)d“—i_zh y-‘rdzri-a2 _y-i-% i

+ (1) 5 81, -

— Shipator T widiwi + dui
k

— p;|

(22)

We now prove that global asymptotic stability is preserved for sufficiently small time-delays between mobiles

and the base station.
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propagation delays. Denoting by 7; the round-trip delay for the " mobile, we represent the algorithm
(8)-(12) as in Figure 2:

Z:1
w - T, p
— | ZM
h hT (e—xr,)
A
q _ 1 y
(p(y) - y+62

Figure 2. First-order gradient algorithm of CDMA power control in the case of time-delay.

where hT (e7571) := [ hie™*™  hge *™ ... hpe”*™ |. To transform the delay robustness problem to

the framework of Theorem 1, we add and subtract the term h” from hT (e=*7¢) in Figure 1, and represent
it as in Figure 3, where the inner loop represents the nominal system without delay, and the outer loop is
the perturbation due to delay.

N il » h (e )-H

Y
>

Figure 3. Equivalent system of gradient algorithm of CDMA power control after loop-transformation.

With this representation we prove stability using a small-gain argument. From Theorem 1, it is not
difficult to show that the ISS gain of the feedback path from ds to ¢ — ¢* is
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1 a V2ot ot (24)

g

12 (ﬂm a\h 1 )
g1 = — + .
In Theorem 2 below, we also show that the feedforward path from ¢ — ¢* to ds has gain

- (nluw R

= V2Mh7 a\h 25
92 T UAT)2 o ) (25)

where 77 and 7y are positive constants defined in (28) and,
Ti:=max{7;}. (26)
1
This means that for sufficiently small 7, the small-gain condition

9192 <1 (27)

holds and GAS is preserved. If 7 is not sufficiently small, then we can scale down the stepsize \; in the

power control (10) to recover GAS:

Theorem 2 Consider the feedback interconnection in Figure 3, and suppose that P;(p;), i = 1,2,---M,
are such that for all p; > 0,

m > P/ (pi) > 2 (28)

with m1 > na > 0. If either the delay T or the stepsize \; is small enough that (27) is satisfied, then the
power control scheme (8)-(12) guarantees global asymptotic stability.

Proof: We prove the theorem in three steps. In the first step we give the gain from ¢ — ¢* to p in the
feedforward path, and in the second step the gain from p to do in the forward path. By these two steps we
show that the feedforward path in Figure 3 has gain go as in (25). Then in the third step, we show that
the feedback path has a complementary gain g; as in (24), and using the Small-Gain theorem, we get the
conclusion.

Step 1: We let

* 1 1 %\ 2
Vilp—p )=§Zu,)\, (pi — ;)

i

as in (19). Following the same steps as (21), we obtain

’ * i (Di dP;(p; * *
VSZ%(pi—pi)(—‘”;—g“r%)Jr(q—q)(y—y)

* 2 * *
—% o=l tlla =g 1Bl lIp — 7]
2222V + V2 g — " || | R] VV.

IN N
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From [11, Theorem 6.1], we have

L e HhH
|v7 @) <e la—alls.
which, with ||p (¢) — )|, vields
Vi @M || R
t) —p* < — 0)—p* —— g — ¢* 29
lIp () pHL&_@Hp() Pl + oy lg—a"ll,_ (29)
@M | R||
t)—p*l| < ———llg—q"| . 30
Ilp ) —p"ll, < Y la —a”ll, (30)
+
Next, because (—)\ dP’(p’) + u; A w) < ‘—)\ dP’(p’) + u; Ajw; |,
T H NAZLD 4 P s — | < H M) AP0 ‘+HUM hiq* —uidihig]| -
Thus, from (28), we obtain
1Bl < X llp = p*|| + @R [lg — g7,
which implies, from (29) and (30)
. AV uA ma N || R )
< Y225 (0) — p* me A WEN k) lg—tll, 31
19 < 2222 o -1+ (2 i) -l @1
=272
mu A R| s )
_ Ah — . 32
Il < (2 4 a5 o - a7l (3
Step 2: Next, we claim that the subsystem from p to do satisfies
dall, < V2MAT || (t) (33)
_ dP (p (t .
fdal,. < voathz (1l +_swp [-A0E) diag v wn Yu]). @)
—7<i<0
To prove this, we first note that
M M M
2 0] = | £ hops (1= 7) = 3 s (0] < 2 JL i) o

E

M
0 .
2 i fma,x{O t—T7i} |pZ ( )l do + Z:l hi fmin{O,t—n} |p1 (U)l do
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which implies by Young’s Inequality

2

S

2 M
0 .
|d2 (t)|2 S <Z: h fma,x{O t—T7i} |p1 |d0’> +2 <;h1 fmin{O,t—n} |pi (U)l do)

2 M 0 .
QM;@hMmmm o) do) " +2M 32 (hi fyiago, -y I ()] do)

835 (B 1) 423835 (o )

E

2

Applying Cauchy-Schwarz inequality to each term, we get

S

\ds (¢ <2MhTZ/ pi (o)|2do+2mﬁ2/ p: (o) do
min{0,t—7;}

_1 Jmax{0,t—7;} —

which implies that the vector norm of do satisfies

s Mo . 2 =M . 2
Hd2H < \/2Mh7— ;fmax{O,t—n} |pi (U)l do +2Mh7 Z:l fmin{O,t—n} |pi (U)l do

M : 2 & o : 2
< [2Mh7 Z:lfmax{O,t—n} |p; (0)|" do + (| 2MhT ;fmin{O,t—n} |pi (0)|” do.

Because max{0,t —7;} > max{0,t — 7} and min{0,t— 7} > min{0,t — 7}, we get

s < 2MhTZ/ ps ()2 do + | 2M 7
—1 Jmax{0,t—7}

TM:

/ (o) do.
min{0,t—7}

By changing the sequence of the sum and integral, we obtain

7ot Mo 2 7= 0 5 2
Hd2H < \/2Mh7— fmax{o,t—f} Z; |p1 (U)l do + 2Mh7 fmin{O,t—i’} Z; |pZ (U)l do

T _ . 2 - _ r0 . 2
< \2MB72 | (0) [+ £ /2MBT [0 16 (0)] do,

from which (33) and (34) follows.

Combining (31)- (32) and (33)-(34) from Steps 1 and 2, we conclude that the L., -gain and asymptotic
gain of the feedforward path are:

Id2ll, < g2llg—q"ll, (35)

* T\ 1\/5 ~
Idall, < g2llg = q L. + V2MhT =225 (0)]]

+ sup H—)\%Z(t))—diag{ uiA1 UMM }w(t)H

—7<t<0
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where g is as in (25).
Step 3: Finally, we show that the feedback path has a complementary gain g; as in (24). For the

inner loop in Figure 3, it follows from Theorem 1 that

lo—a'l = | — L < Xy gl < 20— ey 2y
= y+do+o02 y*+o0%|| " ot vy 2= "pa PP ot 1
and, thus
la—a°ll, < g1 dall, (37)
Y I s =
lg —q*ll,. < U—4u)\e ;ui)\i (p(0) —p*)" + g1 lldall__ - (38)

Substituting (37) and (38) into (35) and(36), and using the small-gain condition (27), we conclude

[z, <0, (39)

g, |lp (0) = 7| + Y27 p (0) 7|+ sup | -ALHL — g (1)

ez NN =
sl < (40)
> 1 —9192
Finally, from Theorem 1, we get
lp—p*ll, <0 (41)
p—pll, < (1-9192) [(0) —p* |+ LZZ 22 RILL g, 1 (0) —p* |
f/%oaz;?’ﬁ V2Mhaxng -~ 1:9192\/51125\2}3 apP(p(t)) (42)
e ymr IOt Tt sup [|ATEEE —a ()
1-g192 ’

which proves global asymptotic stability as defined in [12].
If the small-gain condition violates (27), then we can scale down the user-dependent stepsize A; by k > 0,

and rewrite (27) as
Bl [ K2V2u2X*h 1 = i’ ||\h -
Inl} (52v2a Xh AL — | V2Mhrx (L‘ 2] +uh> <1 (43)
o V2oita o un2

which is satisfied for sufficiently small k. Thus, for any delay 7, the scaled controller

__wirNh L dPi(pi)
2 hipi + 0? L odpi

Di

)

where k is as (43), achieves GAS. O
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4. Conclusion

We have addressed robustness of the first-order gradient power control algorithm in [5] against disturbances
and time-delay. Using an ISS property of the nominal, delay-free, system, and a small-gain argument, we
showed that global asymptotic stability is preserved in the presence of small time-delays. For larger delays,
we achieved GAS by scaling down the step-size of the gradient algorithm. One shortcoming of reducing the
gains, however, is that it may cause degradation in performance. To avoid this degradation, we are currently
studying dynamic redesigns which employ lead filters to counteract delays. The design of such filters can be

pursued within the passivity framework of [6].
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